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We consider collective decisions under uncertainty, when agents have general-
ized Hurwicz preferences, a broad class allowing many different ambiguity atti-
tudes, including subjective expected utility preferences. We consider sequences
of acts that are “almost-objectively uncertain” in the sense that asymptotically,
all agents almost-agree about the probabilities of the underlying events. We in-
troduce a Pareto axiom which applies only to asymptotic preferences along such
almost-objective sequences. This axiom implies that the social welfare function
is utilitarian, but it does not impose any constraint on collective beliefs. Next, we
show that a Pareto axiom restricted to two-valued acts implies that collective be-
liefs are contained in the closed convex hull of individual beliefs, but imposes no
constraints on the social welfare function. Neither axiom entails any link between
individual and collective ambiguity attitudes.
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Anyone who considers arithmetical methods of producing random digits is, of course, in a state of
sin. —John von Neumann

1. INTRODUCTION

From a democratic point of view, collective decisions should be made by aggregating the
preferences or opinions of the affected individuals. But almost all nontrivial decisions
involve uncertainty. Normative decision theory considers the question of how rational
agents should cope with such uncertainty. Bayesian social aggregation combines these
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two ingredients: it aims for collective decisions that are both rational and democratic.
The foundational result is Harsanyi’s (1955) Social Aggregation Theorem. Harsanyi con-
sidered a society in which all agents are von Neumann-Morgenstern (VNM) expected
utility maximizers. He showed that if the vINM preferences of the social planner satisfy
an ex ante Pareto axiom relative to the vNM preferences of the individuals, then the so-
cial welfare function —that is, the vNM utility function of the social planner —must be
a weighted average of the individual vNM utility functions. Harsanyi interpreted this as
a strong argument for utilitarianism.

Harsanyi’s result is highly influential in social choice theory, but its dependence on
the vNM framework curtails its applicability. The vNM framework assumes that all risks
can be quantified with known, objective probabilities. But in many complex decision
problems (e.g. macroeconomics, climate change, pandemics), it is not clear how to
assign precise probabilities to the relevant contingencies. Indeed, when considering
sui generis events in the future (e.g. hypothetical wars or financial crises in 2060), it is
not clear that “objective” probabilities even exist. This led Savage (1954) to propose an
approach to decision-making based on the maximization of subjective expected utility
(SEU) —that is, expected utility computed using the agent’s own “subjective” probabilis-
tic beliefs.

A central tenet of the Savagean framework is that different rational agents may rea-
sonably hold different subjective beliefs. But Mongin (1995) showed that Harsanyi’s the-
orem breaks down in settings with heterogeneous beliefs. Mongin (1997) diagnosed the
root of the problem as spurious unanimity. different individuals might have different
utility functions and different beliefs, but these differences might “cancel out” to yield a
unanimous ex ante preference amongst them for one act over another, thereby entailing
(via the ex ante Pareto axiom) a corresponding ex ante social preference.

This suggests that to avoid Mongin’s impossibility theorem, one should weaken the
ex ante Pareto axiom to avoid cases of spurious unanimity. This strategy was realized
in a landmark paper by Gilboa et al. (2004), who proposed a “restricted” ex ante Pareto
axiom that only applied to acts for which all individuals have the same probabilistic be-
liefs about the underlying events. Gilboa et al. showed that this restricted Pareto axiom
has two consequences: (1) the social welfare function (SWF) must be a weighted sum
of individual utility functions, and (2) the social beliefs must be a weighted average of
individual beliefs.!

However, while it escapes from the spurious unanimity diagnosed by Mongin, the
Restricted Pareto of Gilboa et al. is still susceptible to another form of spurious unanim-
ity, which Mongin and Pivato (2020, §6) call complementary ignorance. Agents might
“agree” about the probabilities of certain events —and unanimously prefer one act over
another —only because they have different private information. Restricted Pareto will
then require the social preferences to agree with these unanimous individual prefer-
ences, even when this contradicts the preference that all agents would have if they had
adequately pooled their private information. (See Section 6 for details.)

1See Section 6 for a more detailed discussion of Gilboa et al. (2004). Recently, Brandl (2021) has obtained
asimilar result, but in his case, the SWF is relative utilitarian: it is a sum of the utility functions of individuals
rescaled to range from 0 to 1. See also Billot and Qu (2021).
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Importantly, this private information is already identifiable from the support of the
individuals’ beliefs. So a social planner who knew enough about the individuals’ beliefs
to even apply Restricted Pareto would already know enough to pool their private informa-
tion. This brings us to another objection to Gilboa et al.’s result: it is not always appropri-
ate to construct social beliefs as an arithmetic average of individual beliefs. In particular,
arithmetic averaging obfuscates precisely the private information just mentioned. But it
can even malfunction when all agents receive the sameinformation, because it does not
interact well with Bayesian updating.?

In response, Dietrich (2021) has recently obtained a result similar to that of Gilboa
etal. (2004), in which social beliefs are a weighted geometric average of individual beliefs.
This ensures compatibility with Bayesian updating. But it does not address a broader is-
sue. Different belief-aggregation rules are suitable in different contexts, and the criteria
that determine the appropriate belief-aggregation rule are not necessarily the criteria
that determine the correct social welfare function. The specification of collective be-
liefs is an epistemic problem, whereas the specification of the SWF is an ethical prob-
lem; there is no reason that these two problems should be solved by the same theorem.?
For this reason, Mongin and Pivato (2020) and Pivato (2022) have recently introduced
weak Pareto axioms which entail a utilitarian SWE but which do not impose any con-
straints on collective beliefs. They thus concentrate on the ethical problem, leaving the
epistemic problem to be solved later by other methods.

The present paper takes up this challenge: it addresses both problems, but deals
with them independently of one another. We assume an uncountably infinite state
space, on which beliefs are represented by finitely additive, nonatomic probability mea-
sures. This enables us to exploit the phenomenon of almost-objective uncertainty (due
to Poincaré 1912 and Machina 2004, 2005), which involves a sequence of partitions
! 82 3, ... such that even agents with very different beliefs will assign increasingly
similar probabilities to the cells of & as n—oo. We propose a weak Pareto axiom, which
only applies to asymptotic preferences for sequences of acts measurable with respect
to these partitions. Our first main result says that this axiom is both necessary and suf-
ficient for the SWF to be a weighted sum of individual utility functions (Theorem 1).
But unlike results in the aforementioned literature, it does not impose any relationship
between individual and collective beliefs.

We then turn to belief aggregation. We consider a second weak Pareto axiom, which
only applies to preferences between two-valued acts for which all agents have the same
preferences over the outcomes. Our second main result (Theorem 2) connects this ax-
iom to the social aggregation of individual beliefs. But it does not impose any constraint
on the SWE Thus, the two theorems decouple the ethical problem from the epistemic
problem, and deal with them separately.

Our last result (Theorem 3) is a variant of the theorem of Gilboa et al. (2004), and
yields the same conclusion as Theorem 1: a characterization of utilitarian social welfare

2To be precise: the Bayesian update of the arithmetic average of the individuals’ prior beliefs is generally
not the arithmetic average of the Bayesian updates of these beliefs.
3See §4.7 of Pivato (2022) for further elaboration of these points.
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without linear aggregation of beliefs. The Pareto axiom invoked by Theorem 3 is sim-
pler than the one invoked by Theorem 1. But like the axiom of Gilboa et al. (2004), it is
susceptible to complementary ignorance, as we explain in Section 6.

The earlier discussion was vague about the belief aggregation in Theorem 2. If all
agents have SEU preferences, then Theorem 2 says the social beliefs are a weighted aver-
age of individual beliefs, as in Gilboa et al. (2004). But to fully explain this result, we must
broaden our perspective. All of the aforementioned literature assumes that all agents
have SEU preferences. But in ambiguous decision environments, this might be inappro-
priate; it might be difficult to specify any single probability measure over contingencies
as an adequate description of the uncertainty faced by an agent. This objection is both
normative and descriptive. At a descriptive level, many agents might simply be unable
to condense their uncertainty into a single probability measure. At a normative level,
it is perhaps not even rational for an agent to resort to such a probabilistic description.
These concerns have inspired a variety of non-SEU models of decision making. Typi-
cally such models represent an agent’s beliefs not with a single probability measure but
with an ensemble of probability measures, and in addition to her utility function, they
often involve other parameters. For succinctness, we shall describe this entire package
(i.e. a non-SEU decision model and its associated parameters) as the agent’s ambiguity
attitude.

This raises the question of whether non-SEU ambiguity attitudes can be incorpo-
rated into collective decisions. But just as different agents can reasonably hold differ-
ent probabilistic beliefs, different agents can reasonably adopt different ambiguity atti-
tudes. Such heterogeneity leads once again to impossibility theorems (Chambers and
Hayashi, 2006, Gajdos et al., 2008, Mongin and Pivato, 2015, Zuber, 2016). In general,
to satisfy the ex ante Pareto axiom, all agents must not only have the same beliefs, but
the same ambiguity attitudes —indeed, they must be SEU maximizers.* Once again,
to escape this undesirable conclusion, one must weaken the ex ante Pareto axiom; this
strategy has been explored in a series of elegant papers by Alon and Gayer (2016), Danan
et al. (2016), Qu (2017) and Hayashi and Lombardi (2019).° Like the foundational result
of Gilboa et al. (2004), these more recent papers axiomatically characterize not only a
SWE but a procedure for aggregating individual beliefs into a collective belief. As already
noted, non-SEU models generally represent agents’ beliefs by ensembles of probability
measures, so these procedures aggregate these ensembles. Thus, they are vulnerable to
the same objections earlier raised against Gilboa et al. (2004) and Dietrich (2021): differ-
ent belief-aggregation rules are appropriate in different environments, and in any case,
collective beliefs should not necessarily be determined at the same time as the social
welfare function. Furthermore, these theorems generally impose a particular ambiguity
attitude on society (either in their hypotheses or in their conclusions).

The results of the present paper are compatible with both heterogeneity of beliefs
and heterogeneity of ambiguity attitudes. Theorems 1 and 3 are formulated for gener-
alized Hurwicz preferences, a broad class that includes SEU preferences, maximin SEU

4In fact, when all agents have maximin SEU preferences, or all have Hurwicz preferences, Hayashi (2021)
has shown that ex ante Pareto implies dictatorship, even ifall agents have the same beliefs.
5See Mongin and Pivato (2016) or Fleurbaey (2018) for reviews of this literature.
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preferences, Hurwicz preferences, and second-order SEU preferences, among others.
Theorem 2 is formulated for Bewley preferences. In both preference classes, each agent’s
beliefs are described by a set of probability measures. The precise statement of Theorem
2 is that the belief set underlying collective preferences must be contained in the closed
convex hull of the union of the belief sets underlying the individual preferences. Impor-
tantly, none of Theorems 1 - 3 imposes any relationship between individual ambiguity
attitudes and collective ambiguity attitudes. We see this as an advantage. Just as the
specification of the SWF is an ethical problem, and the specification of collective beliefs
is an epistemic problem, the specification of collective ambiguity attitudes is a problem
of prudential rationality. It is better to disentangle these three problems. This paper
focuses on the first two problems, leaving the prudential problem for future work.

The rest of this paper is organized as follows. Section 2 introduces generalized Hur-
wicz representations. Section 3 introduces almost-objective uncertainty, and provides
several sufficient conditions for the existence of almost-objective uncertainty. Section
4 turns to social welfare; it introduce a concept of “asymptotic preferences” based on
almost-objective uncertainty and a corresponding Pareto axiom, along with the state-
ment of Theorem 1 and several corollaries. Section 5 turns to belief aggregation, and
contains our second Pareto axiom and Theorem 2. Section 6 contains Theorem 3, and
compares our results to some prior literature. Appendices A, B, C and F contain proofs
of results stated in the main text, while Appendices D and E contains supplementary
results which may be of interest to some readers.

2. GENERALIZED HURWICZ REPRESENTATIONS

Let S and X be measurable spaces —i.e. sets equipped with sigma-algebras.® We shall
refer to S as the state space and X as the outcome space. Let A(S) be the set of all finitely
additive probability measures on S. An actis a measurable function « : S— X’ that takes
only finitely many values. Let A be the set of all acts. Let > be a preference order on A.
In the Savage model of uncertainty, X is a set of “outcomes”, while S is a set of possible
“states of nature”; the true state is unknown. The order > describes an agent’s ex ante
preferences. A representation of > is a function V : A—R such that

foralla, e A, (a>8) «— (V()=V(H). (1)

In particular, V is a subjective expected utility (SEU) representation if there is some p e A(S)
and a bounded measurable function u : Y —R such that

V(i) = f uoadp, forall a e A. (2)

s
Here, p is interpreted as the agent’s subjective beliefs about the unknown state of na-
ture, while v describes the utility she would obtain from each outcome. But as noted in

6For simplicity, we shall not make these sigma-algebras explicit in our notation. A set will never be
equipped with more than one sigma-algebra in this paper.
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Section 1, in situations of ambiguity, it might be inappropriate to represent an agent’s
beliefs as a single probability measure over S. This has led to classes of preferences that
use an ensemble of probability measures. This paper will focus on a broad class of such
preferences: those admitting a generalized Hurwicz representation.

A representation V is generalized Hurwicz (GH) if there is a closed convex subset P <
A(S) and a bounded measurable function u : ¥ —R, such that

foralae A, V(a) < V(a) < V(a), (3)
where V(a):=inf [ uoadp and V(a) := sup f woadp.
PEP Js pEP JS

The idea here is that the agent is not only unsure of the true state of nature, but also
unsure about the correct probability distribution to put on S; the belief set P contains
all probabilities that she considers possible. The GH representation (3) encompasses a
wide gamut of preferences. It reduces to the SEU representation (2) if P is a singleton.
It obviously includes the class of maximin SEU (or multiple priors) preferences char-
acterized by Gilboa and Schmeidler (1989) (for which V(a) = V(«), for all a € A), and
also the classical Hurwicz (or a-maximin) preferences introduced by Hurwicz (1951)
and recently characterized by Chateauneuf et al. (2020) and Hartmann (2023) (for which
V(a)=qV(a)+(1—q) V(a),forall a e A, for some constant ¢ [0, 1]). It also includes the
class of second order SEU (or smooth ambiguity) preferences characterized by Klibanoff
et al. (2005) and the Choquet expected utility preferences of Schmeidler (1989). More
generally, Cerreia-Vioglio et al. (2011, Prop.5) show that any monotone, Bernoullian,
Archimedean (MBA) preference admits a GH representation like (3), generalizing an ear-
lier result of Ghirardato et al. (2004, Prop.7) for invariant biseparable preferences.

Let ba(S) be the Banach space of all finitely additive signed measures (“charges”) on
S which have finite total variation norm

lulye = sup D lulHall. 4)
disjorni medsurable =1

We will say that a GH representation (3) is compact if P is compact in this norm. We shall
say it is nonatomic if all elements of P are nonatomic measures. (A measure p is nonatomic
if, for any € > 0, there is a measurable partition {Gi,...,Gxn} of S such that p(G,,) < € for
allne[1...N].) We shall say that a representation V' is contiguous if its image V' (A) is a
dense subset of an interval in R. For example, if X is a connected topological space and
u: X—1R is continuous, then any GH representation (3) with u as its utility function is
contiguous.’

The goal of this paper is not to axiomatically characterize GH representations. We
shall simply assume that the agents’ preference have such representations; in light of
the generality of this class, this is a reasonable assumption. But different agents might
have different representations, with different » and P. Thus, our framework allows great
diversity in the beliefs and ambiguity attitudes of the agents.

"To see this, let o range over all constant-valued acts, to deduce that V (A) = u(X).
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The utility function u that appears in the GH representation (3) of a preference order
> is unique up to positive affine transformations. But the belief set P is not unique.
There are certain “natural” choices for P; for example, in the frameworks of Ghirardato
et al. (2004) and Cerreia-Vioglio et al. (2011), there is a unique belief set that yields a
Bewley representation for the “unambiguous” part of >; we will discuss this further in
Section 5. Alternatively, one could use an inclusion-minimal belief set (see Lemma E.1
in Appendix E). The characterizations of utilitarianism in this paper apply to any GH
representations for the preferences of the agents. But the smaller the corresponding
belief sets are, the easier it will be to satisfy our hypotheses.

3. ALMOST-OBJECTIVE UNCERTAINTY
A measurable partition of S is a finite collection & = {G,,}N_, of disjoint measurable subsets

N K
such that S = | | G,. Forany K e N, let AKX :={q = (q1,....qx) eRE; > ¢ =1}, the
k=1

n=1
set of K -dimensional probability vectors.

Let R be a collection of probability measures on S. Let K € N and let g e A¥. For all
neN,let " := {G]',...,G}} be a K-cell measurable partition of S. We shall say that the
sequence of partitions (&™)°_; is R-almost-objectively uncertain and subordinate to q if, for
all pe R, we have

Tim p(Gf) = a  forallke[l...K]. (5)

For example, let S = [0, 1], and let R be the set of all probability measures that are abso-
lutely continuous with respect to the Lebesgue measure, with continuous density func-
tions. Suppose q = (0.1,0.2,0.3,0.4). For any number s € [0,1] and n €N, let s(,,) be the
nth digit in the decimal expansion of s.8 ForallneN, let " := {GT",G5,G5,G1}, where
Gr:={se[0,1]; S(n) = 0}, G5 :={s€[0,1]; S(n) € {1,2}}, G :={s€[0,1]; S(n) € {3,4,5}},
and G := {s € [0,1]; s(,) € {6,7,8,9}}. It is easily seen that (&");"_, is R-almost-
objectively uncertain and subordinate to q.

Almost-objective uncertainty was first introduced by Poincaré (1912) to explain why
it is reasonable to hold particular epistemic probabilities regarding a physical random-
ization device such as a roulette wheel, even if we do not have an exact understanding
of how this apparent randomness is generated. Its first application to decision-making
under ambiguity was due to Machina (2004, 2005), who also coined the term “almost-
objective uncertainty”. Poincaré and Machina considered almost-objective uncertainty
on the unitinterval [0, 1], as in the above example. We will now generalize this concept to
amuch broader collection of state spaces and probability measures. Let S be a measur-
able space, and let R < A(S). We shall say that R is consilientif, for any K e Nand q e AX,
there is an R-almost-objectively uncertain sequence of partitions (&")X_, subordinate
to q. The results in this section give sufficient conditions for consilience. We need some
terminology. A subset R < A(S) is nonatomic if all elements of R are nonatomic. It is
separable if it has a countable dense subset in the topology of the total variation norm
(4).

8There is a countable subset of [0, 1] of numbers with non-unique decimal expansions, for whom s, is
not well-defined. But it has Lebesgue measure zero, so it is irrelevant to this construction.
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PROPOSITION 1. IfR is nonatomic and separable, then R is consilient.

It is sometimes convenient to have a consilient set that is closed under Bayesian
updating. For any p, p € A(S), we shall write “i << p” if there is a measurable function
¢ : S— R such that u(B) = {5 ¢ dp for all measurable B < S; in this case, we define 3—’; =
#.2 For any subset R € A(S), let (R) := {u e A(S); u<<p for some pe R, and ‘31—’; is
bounded}. In particular, (R) includes all measures that arise from a Bayesian update of
some element of R. Let us say that R is strongly consilient if (R ) is consilient.

The next result gives two sufficient conditions for strong consilience. First we need
some terminology. A probability measure p € A(S) is separable if there is a countable set
of events {£,}°_; that is dense: for any measurable B < S, and any € > 0, there exists
n € N such that 5 is “e-approximated” by &,, in the sense that u[B\&,] < e and p[&,\B] <
e. (Equivalently, y is separable if the normed vector space £'(S, 1) is separable.)'® For
example, the Lebesgue measure on [0, 1] is separable. Most probability spaces that arise
in practical applications are separable.

A standard Borel space is a measurable space S that is measurably isomorphic to a
complete, separable metric space S’ (e.g. a closed subset of RY), endowed with its Borel
sigma algebra. (That is: there is a measurable bijection from S to &’ whose inverse is
also measurable.) Every Polish space is a standard Borel space. But a standard Borel
space need not have a Polish topology (or indeed, any topology at all). Almost every
measurable space encountered in applications is standard Borel.!! Let A, (S) be the
space of countably additive probability measures on S.

PROPOSITION 2. Suppose that R < A(S) is nonatomic and separable, and suppose that
either (a) Every element of R is separable; or (b) S is a standard Borel space and R <
Ay (S). Then R is strongly consilient.

Further sufficient conditions under which a collection R = A(S) is (strongly) con-
silient can be found in Appendix D.

4. SOCIAL AGGREGATION OF UTILITY

As noted in Section 1, a central problem in Bayesian social aggregation is that different
agents might have different probabilistic beliefs and different attitudes towards ambi-
guity. We shall now use almost-objective uncertainty to obviate these problems.

91f 4 and p are countably additive, then the Radon-Nikodym Theorem says that y << p if and only if 4 is
absolutely continuous relative to p (“u « p”). But we only assume that . and p are finitely additive. Given
supplementary technical conditions, finitely additive versions of the Radon-Nikodym Theorem have been
obtained by Berti et al. (1992, Corollaries 3.1 and 3.2), Basile and Bhaskara Rao (2000, Theorem 7.5) and
others; see Candeloro and Volci¢ (2002,§3) for a summary.

101f 14 is only finitely additive, then £ (S, 1) might not be a Banach space, unless certain technical con-
ditions are satisfied (Basile and Bhaskara Rao, 2000). But this is irrelevant for our purposes.

U For a good introduction to standard Borel spaces, see §424, p.158 of Fremlin (2006a).
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Almost-objective acts. Let R be a consilient collection of probability measures on a
measurable space S. Let a = («™)°_; be a sequence of acts. We shall say that « is an
‘R-almost-objective act if there is a K -tuple of outcomes x € X K (for some K € N), and an
R-almost-objectively uncertain sequence of K-cell partitions G = (&™)%_,, with " :=
{G1,...,G%} forall n e N, such that for all ne Nand k € [1... K] we have a"(s) = x, for
all se G If G is subordinate to the probability vector g € A¥, then we shall say that « is
subordinate to (q,x).

Let B = (8™)>°_, be another R-almost-objective act. We shall say that « and 3 are
compatible if 8™ is also measurable with respect to & for all n e N.

Asymptotic preferences. Let > be a preference order on A. Let « and 3 be R-almost-
objective acts. We shall say > asymptotically prefers a to (3, and write o >* 3 if there exist
o/,8'e Aand N € N such that o” > o/ > 3/ > 8" foralln > N.

Almost-objective Pareto. Let Z be a set of individuals. Let o be another agent, repre-
senting a social planner or social observer. Let 7 =Z u {o}. Forall je 7, let >; be a
preference order on .A. We shall require >, to satisfy the following axiom, relative to
{>i}ier and R:

R-Almost-objective Pareto. If o and 3 are compatible R-almost-objective acts, and o >
BforallieZ, then a <2 8.

This axiom does not require o >& 3; it simply requires the social planner not to form
the opposite asymptotic preference to that of the individuals.

Minimal agreement. Suppose that each of the preference orders {>,};cs has a GH
representation (3) with an associated utility function u; : ¥ —R. We shall say that the
utility functions {u;};ez satisfy Minimal Agreement if there exist probability measures 11
and p2 on X such that §, u; duy > §5 u; duo for all i e Z. In other words, there exist
two “objective lotteries” over outcomes, for which all individuals have the same strict
preference. Versions of this condition are widespread in the literature on Bayesian social
aggregation; see e.g. Mongin (1995, 1998), Alon and Gayer (2016), or Danan et al. (2016).

Utilitarianism and weak utilitarianism. Recall that v, is the ex post utility function
associated to the social preference order >,. We shall say that u, is weakly utilitarian if
there exist constants ¢; > 0 for all i € Z and b € R such that

U = b+Zciui. (6)
€L
It is possible that ¢; = 0 for some 7 € Z; thus, the preferences of some individuals might
be ignored. If ¢; > 0 for all i € Z, then u, is utilitarian. Under mild conditions, weak utili-
tarianism is equivalent to utilitarianism (see Proposition E1 in Appendix F). So we focus
on establishing weak utilitarianism. We now come to our main result.

THEOREM 1. Let R = A(S) be consilient. For all j € J, suppose >; has a compact, con-
tiguous GH representation (3) with’ P; < R. Assume that {u;}c7 satisfy Minimal Agreement.
Then >, satisfies R-Almost-objective Pareto if and only if u, is weakly utilitarian.
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The next result applies this to the original problem of Bayesian social aggregation.

COROLLARY 1. Let R < A(S) be consilient. For all j € J, suppose >; has a contiguous
SEU representation (2) with pj € R. Suppose {u;};cz satisfy Minimal Agreement. Then >,
satisfies R-Almost-objective Pareto if and only if u, is weakly utilitarian.

Intrinsic consilience. A possible criticism of Theorem 1 and Corollary 1 is that R-
Almost-objective Pareto involves an exogenous set R of probability measures. The next
axiom endogenizes R.

Almost-objective Pareto*. For all j € 7, let >; be a preference order on A with a GH repre-
sentation (3) given by some set P; € A(S). Let R := |J Pj.
JjeJ
If & and 3 are compatible R-almost-objective acts, and o >° 3 foralli € Z, then o £

B.

Combining Proposition 1 with Theorem 1 yields the following result:

COROLLARY 2. Forall j e J, suppose >; has a compact, contiguous, nonatomic GH rep-
resentation (3), and suppose {u;};cz satisfy Minimal Agreement. Then >, satisfies Aimost-
objective Pareto* if and only if u, is weakly utilitarian.

One can likewise obtain versions of Corollary 1 using Aimost-objective Pareto*. These

results follows from Proposition 1 because | J P; is compact, hence separable (see the
JjeJ

end of Appendix B for details). The advantage of Corollary 2 over Theorem 1 is that the

relevant Pareto axiom is defined “by the agents themselves”, via their belief sets {P;} je 7.

The disadvantage is that, to verify Almost-objective Pareto*, one must exactly identify the

sets {P;} jes- In contrast, to apply Theorem 1, one need only know that these sets are all

contained in some consilient set R.

Proof sketch. Recall that Harsanyi’s (1955) original result involved expected-utility pref-
erences over objective lotteries. In that setting, if >, is not weakly utilitarian, then the
Separating Hyperplane Theorem can be used to construct a pair of lotteries that vio-
late Ex ante Pareto. By restricting the Pareto axiom to asymptotic preferences between
almost-objective acts, we have restricted it to a domain where agents’ preferences are
almost described by such objective expected utilities. This is expressed precisely by the
next result, which is also of independent interest.

PROPOSITION 3. Let R be a consilient set of probability measures on S. Let K € N, let
qe AKX, letxe XK, and let o = (a™)*_, be an R-almost-objective act subordinate to
(q,x). Let V be a compact GH representation (3) with P = R. Then

n—o0

K
lim V(a™) = quu(xk) (7)
k=1
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By virtue of Proposition 3, a separating hyperplane argument can be applied to prove
Theorem 1. Proposition 3 also has another important consequence: when considering
an agent’s asymptotic preferences over almost-objective acts, all information about that
agent’s beliefs is effaced. This explains why R-Almost-objective Pareto cannot entail any
link between individual beliefs and collective beliefs. We will turn to this question in the
next section.

5. COLLECTIVE BELIEFS

In this section, we shall assume Minimal Agreement on Outcomes (MAQ): there exist z,y € X
such that z >; y for all j € 7. Let us call the pair (z,y) a dichotomy. Let o : S— & be an
act. Say that « is a dichotomous act if there is a dichotomy (z,y) such that a(s) € {z,y}
for all s € S. Two dichotomous acts « and /5 are congruent if they range over the same
dichotomy {x,y}. Consider the following axiom:

Dichotomous Pareto. For any congruent dichotomous acts «,S € A, if a >; g forall i € Z,
then o >, 3.

The next result is derived from a result of Mongin (1995).

PROPOSITION 4. Suppose the preferences {>;};es all have SEU representations with
nonatomic beliefs {p;} jc.7, and they satisfy MAO. Then >, satisfies Dichotomous Pareto if
and only if p, is a convex combination of {p; };cz.

Consistent with the philosophy of this paper, Proposition 4 decouples the problem of
belief aggregation from that of utility aggregation: it determines the collective beliefs
but says nothing about social welfare. But it only applies when all agents are SEU max-
imizers. Are there similar results for other ambiguity attitudes? In uncertain decision
environments where all agents have the same utility function, the social aggregation of
beliefs has been studied by Cres et al. (2011), Nascimento (2012), Gajdos and Vergnaud
(2013) and Stanca (2021) for various ambiguity attitudes including maximin expected
utility and second-order subjective expected utility. By restricting to dichotomous acts,
Dichotomous Pareto simulates a world where all agents have the same utility function, so
Proposition 4 is comparable to this literature. This raises the question of whether there
is a version of Proposition 4 for GH preferences.

Unfortunately, the class of GH preferences does not admit a result analogous to
Proposition 4. In the representation (3), the function V' conflates the agent’s beliefs (the
set P) with her ambiguity attitudes. This conflation remains even if we restrict to con-
gruent dichotomous acts. To forge a link between the social belief set P, and the in-
dividual belief sets {P;};cz, we must isolate the part of the agents’ preferences that is
determined solely by their beliefs, and is independent of their ambiguity attitudes.

Unambiguous preferences. Suppose temporarily that X' is a convex space, as in the
Anscombe-Aumann framework. For any «, 5 € A and ¢ € [0, 1], define o @, § € A by set-
ting (a®q B)(s) :=qa(s)+ (1 —q)S(s) forall se S. Let > be a preference order on A. The


https://econtheory.org

12 Submitted to Theoretical Economics

unambiguous part of > is the binary relation > on A defined:
(a > 6) = (a®q7>6®q7, forallye Aandallge (071]) .

This is the largest subrelation of > that satisfies the vVNM Independence axiom (Ghirardato
et al., 2004, Proposition 4, part 7). Under certain conditions, there is a unique weak*
compact, convex set P < A(S) and a utility function « : ¥—R that yield both a general-
ized Hurwicz representation (3) for >, and a Bewley representation for >, meaning that:12

Forall o, S € A, (a > B) — <J uoadpzf uoﬁdpforallpeP). (8)
s s

In fact, a convex X is not necessary to obtain these results. Recently, working in the
Savage framework, and generalizing the work of Ghirardato et al. (2003), Ghirardato and
Pennesi (2020) have shown that if > has even one “locally biseparable event”, then one
can define a “subjective mixture” operation on X for >. The aforementioned representa-
tion results can then be extended to any monotone, locally biseparable preference using
this subjective mixture operation, yielding combined GH/Bewley representations for >
and >.13

More generally, let > be any preorder on .4 —that is, a transitive, reflexive (but pos-
sibly incomplete) binary relation. A Bewley representation for &> is a pair (P, u), where
P < A(S) and u : ¥—R, such that statement (8) holds. If > has such a representation,
then we shall call it a Bewley preference. When restricted to constant acts, a Bewley pref-
erence defines a complete order on X'. So the property of Minimal Agreement on Outcomes,
the definition of dichotomous acts, and the Dichotomous Pareto axiom are all meaningful
for Bewley preferences.

THEOREM 2. Let R = A(S) be strongly consilient. For all j € J, suppose > ; has a Bewley

representation (8) given by a compact subset P; < R, and suppose these preferences satisfy

MAQO. Let P be the closed convex hull of | ] P;. Then >, satisfies Dichotomous Pareto if and
i€Z

only if P, < P.

In the special case when all agents have SEU preferences, we have P; = {p;} forall j € 7,
so that Theorem 2 reduces to Proposition 4. As explained earlier, if > is a preference
order on A with unambiguous part >, then in many cases > has a Bewley representation
(8) with a set P that also appears in a GH representation (3) of >.14 In this case, Theorem
2 establishes a relationship between the belief set underlying the GH representation of

12Ghirardato et al. (2004, Propositions 5 and 7) showed this in the case when > is an invariant biseparable
preference. This result was then extended to monotone, Bernoullian, Archimedean (MBA) preferences by
Cerreia-Vioglio et al. (2011, Propositions 2 and Corollary 3). The original reference is Bewley (2002).

135ee Remark 1 of Ghirardato and Pennesi (2020) for details. However, different agents generally have
different subjective mixture operations. So unlike almost-objective uncertainty, subjective mixtures cannot
be used for Bayesian social aggregation.

14More generally, given any preference > with a Bewley representation (8), Danan et al. (2016, Prop.2)
show that any transitive, Archimedean completion of > has a GH representation (3) using the same set P
of beliefs. (They refer to GH preferences as variable caution rules.)
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the social preferences and the belief sets of the individuals’ GH representations. But
Theorem 2 applies to any collection of Bewley preferences.

The proof strategy is as follows. Suppose (z,y) is a dichotomy. Renormalize all
agents’ utilities such that u(z) = 1 and u(y) = 0. For any p € [0,1], one can create an
almost-objective act such that = and y appear with probabilities p and 1 — p according
to every element of P;, for all j € 7. So all agents assign this act an almost-objective
expected utility of p. For any measurable partition $) of S, we can then “stitch together”
such almost-objective acts across the cells of $ to create a “piecewise almost-objective
act” such that for all agents, the conditional expected utility in each cell of §) takes some
specified value (Lemma C.2 in Appendix C). Each agent’s asymptotic preferences over
these gadgets then entail inequalities between linear functionals, which must hold for
all elements of her belief set. We can thus use the Separating Hyperplane Theorem to
derive P, < P from Dichotomous Pareto.

Bayesian social aggregation of Bewley preferences has previously been analysed by
Danan et al. (2016). In particular, Danan et al.’s Theorem 2 shows that a certain Pareto
axiom implies that P, < P. However, like Gilboa et al. (2004), the results of Danan et al.
simultaneously characterize belief aggregation and utility aggregation, whereas we sep-
arate these problems. By combining R-Almost-objective Pareto and Dichotomous Pareto, we
can characterize both the social welfare function and social belief set using Theorems 1
and 2. But we can also choose to impose only one or the other of these axioms, thereby
constraining either the social welfare function or the social belief set, while leaving the
other unconstrained.

6. DISCUSSION

We have considered a decision environment of radical uncertainty, in which the ex ante
preferences of each agent admit generalized Hurwicz representation. We have intro-
duced a very weak Pareto axiom, which applies only to asymptotic preferences along
a sequence of acts for which all possible probabilistic beliefs entertained by all agents
converge to the same limit. We have shown that social preferences satisfy this weak
Pareto axiom if and only if the ex post social welfare function is a weighted sum of the
ex post utility functions of the individuals. In other words, social preferences must be
ex post utilitarian. A different Pareto axiom characterizes the formation of collective be-
liefs. Importantly, these results separate utility aggregation from belief aggregation, and
they do not impose any relationship between collective ambiguity attitudes and indi-
vidual ambiguity attitudes. As explained in Section 1, we see this as an advantage. We
will now relate our results to some prior literature.

Restricted Pareto. For all : € Z, suppose >; has a GH representation (3) with belief set
P;. Let & = {G1,...,Gk} be a partition of S. Let us say that & is a consensus patrtition
if there is some q € AX such that p(G;,) = g forall ke [1...K], all pe P;, and all ie T
—in other words, all individuals exactly agree on the probabilities of all cells of &. In a
watershed paper, Gilboa et al. (2004) proposed a version of the following axiom:
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Restricted Pareto. Let a, 5 € A be measurable with respect to a consensus partition &. If
a>; BforallieZ, then o >, 5.1°

Let us say that a GH representation (3) is polytopic if the set P is a polytope —i.e. the
convex hull of a finite subset of A(S). Gilboa et al. (2004) worked with SEU preferences
based on countably additive probability measures. But their result has the following
generalization to (finitely additive) GH representations.

PROPOSITION 5. Suppose that >, has an SEU representation given by some u, : X—R
and p, € A(S). For alli e Z, suppose that >; has a nonatomic, polytopic GH representa-
tion (3). Then >, satisfies Restricted Pareto if and only if u, is weakly utilitarian and p, is
in the span of | P;.
€L

Unlike Theorem 1, this result only applies if the social preference order >, has an
SEU representation. Also, as we have already argued, a simultaneous characterization
of utilitarianism and linear belief aggregation is a mixed blessing. But a slight weakening
of the Restricted Pareto axiom addresses both of these concerns. For all j € 7 (including
0), suppose that >; has a GH representation (3) with belief set P;. Let us say that a
partition & = {G1,...,Gx} is a strong consensus partition if there is some q € AX such that
p(Gr) =qr forall ke [1... K], all pe Pj, and all j € J (including o). We shall weaken the
axiom of Gilboa et al. (2004) as follows:

Restricted Pareto*. Let a, § € A be measurable with respect to a strong consensus parti-
tion &. If o >; B forall i e Z, then a >, .

This axiom seems quite similar to Almost-objective Pareto. Indeed, if & is a strong con-
sensus partition, and we define ™ := & for all n € N, then the sequence (&")°_, is triv-
ially an “almost-objective” sequence with respect to the family R := (J P;. Thus, if o
j€
and ( are measurable with respect to &, and we define o™ := « and 5”] :Z BforallneN,
then the sequences o = («™)°_; and 3 := (8™):°_, are compatible almost-objective acts.
Thus, any unanimous preference which is admissible as input to Restricted Pareto* is also
admissible to Almost-objective Pareto, except that Aimost-objective Pareto accepts a larger
variety of inputs, and yields a weaker conclusion.

THEOREM 3. Forallje J, suppose that > ; has a nonatomic, polytopic GH representation
(3). Then >, satisfies Restricted Pareto* if and only if u, is weakly utilitarian.

In comparison with Theorem 1, the main advantage of Theorem 3 is that Restricted
Pareto* is a simpler and more natural axiom than R-Almost-objective Pareto. But there
are three major disadvantages. First, Theorem 3 only applies to polytopic GH repre-
sentations. Second, Restricted Pareto* suffers from the same weakness as Almost-objective
Pareto*, as remarked after Corollary 2: to apply Restricted Pareto* in a particular situation,

15Gilboa et al. used only the “indifference” part of this axiom, and assumed SEU representations, so P;
was a singleton for all ¢ € Z. So their definition of “consensus partition” is simpler than ours.
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FIGURE 1. An example of complementary ignorance. (a) The prior beliefs of the three agents. (b) The
events they observe. (c) Their posterior beliefs. (d) The partition & = {G1,G2}. (e) The acts « and 3, ex ante
(f) The acts « and 3 in light of the combined information of all agents.

we must be able to recognize strong consensus partitions, which requires precise knowl-
edge of the sets {P;} ;e s —something which may be difficult to achieve in practice. In
contrast, to apply R-Aimost-objective Pareto, we need only know that {P;},c s are con-
tained in R, a broad family of probability measures. It is possible to determine whether
a partition sequence is R-almost-objectively uncertain without knowing anything about
{P;}es, and also possible to construct such partition sequences on demand (e.g. using
the methods of Appendix A).

But the third and most serious disadvantage is that the Restricted Pareto axiom (in
either form) is vulnerable to a form of “spurious unanimity”, as we now explain.

Complementary ignorance. In real decision environments, new information arrives
all the time. This creates a potential problem: as agents acquire more information and
Bayes-update their beliefs, different partitions of S will become consensus partitions.
Thus, the scope of application of Restricted Pareto* will shift as the information available
to the agents changes. As noted by Mongin and Pivato (2020, §6, p. 649), different agents
might “spuriously” assign the same probabilities to the cells of a partition because they
receive different information. This can lead Restricted Pareto* to make recommendations
which are obviously incorrect in light of the aggregate information of the entire group.
For a simple illustration, suppose that there are two individuals Z = {i, j}, along with
the social planner o. The state space S is the triangle shown in Figure 1. Divide S into
four triangular regions, and suppose that the three agents have prior beliefs p,, p; and
p;» which assign probabilities to these regions as shown in Figure 1(a). (We do not care
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how these probabilities are distributed within each region —indeed, it does not even
matter whether they are atomic or nonatomic.) Each agent then receives private infor-
mation. The social planner observes the event &, (Figure 1(b)) and updates her beliefs
to p!, (Figure 1(c)). Meanwhile, individual i observes &;, and updates her beliefs to p;,
while j observes £;, and updates her beliefs to p;».

Consider the partition & = {G1,G>} shown in Figure 1(d). This is a strong consensus
partition, because g, (G1) = p}(G1) = #(G1) = 3 and pl,(Ga) = pl(G2) = pl;(G2) = L. Let
z,y € X. Define the acts a, 5 : S— X as shown in Figure 1(e). That is: a(s) = z for all
se€ Gy and «a(s) =y for all s € Go, whereas 3(s) =y for all se G; and 5(s) = = for all s € Gs.
So a and 3 are both measurable with respect to &. Suppose that z >; y and = >; y. Then
a>; #and a >; 3, because « yields the better outcome x with probability % (according
to either individual’s beliefs), whereas 3 only yields it with probability 1. Thus, Restricted
Pareto* forces o >, 3.

However, combining the private information of any two of the three agents yields the
event Go. And for all s € Gy, we have «a(s) =y < z = (s) for both individuals, as shown in
Figure 1(f). So Restricted Pareto* leads society to the wrong answer.'® Mongin and Pivato
refer to this phenomenon as complementary ignorance.'”

R-Almost-objective Pareto is much less vulnerable to complementary ignorance. To
see this, suppose R is strongly consilient, and > has a GH representation V' with util-
ity function v and belief set P < R. Let £ € S be an event which gets positive proba-
bility from all elements of P, and let P’ be obtained by Bayes-updating every element
of P by £. Suppose >’ is another preference, having a GH representation V'’ with the
utility function « and belief set P’; this could be the updated preferences of the >-
agent upon learning £.'® If « is any R-almost-objective act, then Proposition 3 says
nlE%o Via™) = nli_{nso V’'(a™). Thus, > and >’ have exactly the same asymptotic preferences
over R-almost-objective acts.

Now suppose we have a collection {>,};c7 of GH preferences and a collection
{€j}jes of events. Forall j € 7, let >;- be a GH preference obtained by Bayes-updating
>; with £}, as in the previous paragraph. Since the asymptotic preferences of each agent
are unchanged by these updates, it follows that R-Almost-objective Pareto will apply to
{>;- }jes in exactly the same situations as it applies to {>;}c7. In other words, unlike
Restricted Pareto, it is impossible to induce “spurious” instances of Aimost-objective Pareto
by exposing different agents to different information.

Sources of uncertainty. The distinction between Gilboa et al. (2004) and the present
paper is analogous to the distinction between universal and existential quantifiers.'®
The Restricted Pareto axioms say that for any source of uncertainty, if all agents happen to
share the same beliefs about that source (for whatever reason), then the ex ante Pareto

16For the same reason, the original Restricted Pareto axiom also yields the wrong answer here.

17Note that & is not a consensus partition for the agents’ prior beliefs, because p,(Ga) = %, pi(G2) =
% and p;(Gz2) = %0. This shows how the “consensus” status of a partition depends on what information
agents have received. But heterogeneity of priors is not required for complementary ignorance; it is easy to
construct similar examples where all agents have the same prior beliefs.

18Note that we do not impose any other relationship between V and V".

19We thank a referee for this apt comparison.
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axiom should apply to preferences over acts contingent on that source. But to achieve
utilitarian aggregation a la Harsanyi, we don’t need to quantify over every source of such
“common-belief uncertainty”. It suffices to apply the ex ante Pareto axiom to certain
sources of common-belief uncertainty.

In the models of Mongin and Pivato (2020) and Pivato (2022), these sources of
common-belief uncertainty were either exogenous, or the asymptotic outcome of a
learning process. In the first paper, there is an exogenous distinction between two
sources of uncertainty: one “subjective” and one “objective”. If social preferences satisfy
ex ante Pareto only for the objective source, then the social utility function is utilitarian
and all agents have SEU preferences with the same beliefs about the objective source,
but there is no relationship between their beliefs regarding the subjective source. In the
second paper, all agents have SEU preferences, and there is an infinite stream of infor-
mation arriving over time, from which all agents update their beliefs, and hence their
preferences over acts. If social preferences satisfy ex ante Pareto only for unanimous
preferences which persist in the long term under this learning process, then the social
utility function must be utilitarian, but no relationship is required between the origi-
nal beliefs of the agents, except for a weak condition called concordance (roughly: the
supports of their beliefs must have a common overlap).

In the present paper, the source of common-belief uncertainty is the almost-
objective uncertainty introduced in Section 3. Unlike Mongin and Pivato (2020), this
source is not exogenous. Unlike Pivato (2022), it does not arise from a dynamical pro-
cess, and does not require any compatibility between the beliefs of different agents (their
beliefs could even have pairwise disjoint support). But like these two papers, and unlike
Gilboa et al. (2004), this focus on carefully selected sources of common-belief uncer-
tainty not only allows us to cleanly separate utility-aggregation from belief-aggregation,
but also precludes complementary ignorance.

APPENDIX A: PROOFS FROM SECTION 3

The following result will play a crucial role in many of our proofs.

LEMMA A.1. (Dubins-Spanier Theorem) Let S be a measurable space. Let ji1,. .., un € A(S)
be finitely additive, nonatomic measures. For any K € N and probability vector q € A¥,
there exists a measurable partition & = {G1,...,Gk} such that u,(Gr) = qx for all k €
[1...K]andallne[l...N].

This is a straightforward corollary of Lyapunov’s Convexity Theorem; see e.g. The-
orem 13.34 of Aliprantis and Border (2006). Lyapunov’s theorem was originally stated
for countably additive measures, but was generalized to finitely additive measures by
Armstrong and Prikry (1981). The proof of Dubins-Spanier in the finitely additive case is
much the same, but for logical completeness we repeat it here.

Proof of Lemma A.1. Let B be the sigma-algebra on S. Define pu : 3—R" by set-
ting p(B) := (p1(B),...,un(B)) for all B e B. Then p is a finitely additive, nonatomic,
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bounded, R" -valued measure. Thus, its range u(8) is a convex subset of R (The-
orem 2-2, Armstrong and Prikry 1981; for another proof see Theorem 1 of Khan and
Rath 2013).20

Let 0 be the all-0 vector in RY, and let 1 be the all-1 vector. Then u(Z) = 0 and
p(S) =1, so the image of p contains all vectors on the line segment between 0 and
1. In particular, there is some measurable G; € 8 with p[G;1] = ¢1 1. Now consider the
restriction of  to the subspace Gt. This is again a nonatomic, bounded, RY -valued
measure, so its image is again convex, and contains all vectors on the line segment
between 0 and (1 — ¢;1) 1. So there is some measurable G, < g% with p[Ga] = ¢2 1.

Inductively, for all k € [3... K—1], restrict g to (Gy L - - - 1 G,_1)° and apply Lyapunov
Convexity to get a measurable subset G,  (G1 U --- U Gy, 1)® with u[Gr] = ¢, 1. Finally,
letGg :==(G1u-u gK,l)C. Then G is measurable, and

pldk] = pu(S)—p(G1) - —wlGrk-1) = 1-qul1——qx 11 = qx 1.

Thus, & := {G,}X | is a measurable partition of S, and forall ke [1... K] and all n e
[1...N], we have 1y, (Gr) = qx, as desired. O

Proof of Proposition 1. Let {11,}*°_; be a countable dense subset of R. Let q € AX. For
alln e N, Lemma A.1 yields a partition " = {G7, ..., G} } such that j.,,, (G}}) = ¢, for all
ke[l...K]and all me [1...n] (because pu1,..., 1, are all nonatomic). We claim that
the sequence (&™)*_,; is R-almost-objectively uncertain and subordinate to q.

To see this, let p e R and let e > 0. Since {u,};°_; is dense in the norm topology,
there exists N € N such that |uny — p| <e. Now, letke[1... K]. Foranyn > N, we have
1N (GF) = qi, by the definition of 6", while |p(G}') — un (GF)| < e because |un — pl,, <
e. Thus, |p(G7) — qk‘ < ¢, for all n > N. This works for any e > 0; thus nlgréo p(G1) = qx.
This works forall ke [1...K],and all pe R. O

Remark. Although we have assumed S is equipped with a sigma-algebra, Proposition
1 can be extended to the case when S is only equipped with a Boolean algebra of sets, by
using Lemma 1-1 of Armstrong and Prikry (1981) to obtain an “approximate” version of
Lemma A.1. But we do not need this level of generality here.

Proposition 2(a) follows immediately from Proposition 1 and the next lemma.

LEMMAA.2. LetR < A(S), If R is separable in the norm topology, and every element of R
is separable, then (R) is separable in the norm topology.

Proof: Let {v,}:°_, be a countable dense subset of R. For all n e N, let A(S,vy,) :={¢ €
LYS,vn); ¢ =0 and §g ¢ dv, = 1}; in other words, A(S,v,) = { do . e A(S) and

dvy,?

20 Armstrong and Prikry (1981) formulate their theorem the case when B is an F -algebra. But any sigma-
algebra is an F'-algebra. Khan and Rath (2013) use the term “strongly continuous” to mean what we and
Armstrong and Prikry (1981) mean by “nonatomic”.
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p<<vp}. Recall that the normed vector space £!(S,v,,) is separable (because all el-
ements of R are separable probability measures). Thus, the subset A(S,vy,) is also
separable in the L' norm. So let {7}%_, be a countable dense subset of A(S,vy).
For all m e N, let A" € A(S) be the probability measure such that a" — = ¢. Note
that A7 is nonatomic because v, is nonatomic.

We claim that the countable set {A\7'}7° | _;
norm. To see this, let © € (R). Then there exists p € R such that y <« p, and if ¢ := (di—g,
then there exists C' > 0 such that 0 < ¢(s) < C forall se S. Let e > 0. Since {v, }._; is
dense in R, there exists n € N such that ||v,, — p[,, < ¢/2C. Automatically, ¢ € £1(S,vy,),
because ¢ is bounded. Thus, there exists m € N such that |¢ — 7|, , < €/2, where
this refers to the L! norm on £1(S,v,,). We will show that [A™ — p|, . <e.

To see this, let #1,...,H s = S be disjoint and measurable. Forall je[1...J],

is dense in (R) in the total variation

‘)\m Hj) — (’HJ)‘ o) wn an—L_l ¢dp (AD)

J% dvy, — J ¢ dvy| + Jqﬁdun J ¢ dp

- Uﬂj( ™ — ) dup | + Lj¢d(vn—p)

< [ oo vt [ loldiva gl
H; H;

am dp J
where (x) is because ;" = 1 ™ and ¢ = s Thus, if H := |_| H,, then

J J
phon -l g ),

ZL{ ]w—gﬁ‘ dyn+fH¢| dlvp —p| < f \wr’;"—ab\ dun+L|¢>I dlvyn —p

J
o dut 3 [ foldin s
j=1YH1;

< llvn' —

+C HV”_pHvr < C ﬁ = €,

where (*) is by inequality (Al). This works for any disjoint collection H1,...,H; < S,

so from definition (4) we conclude that |A]" — u,, < e. This argument works for any
e >0, and any p € (R). Thus, {A\7'}77 ,,_; is dense in (R). O

The proof of Proposition 2(b) is somewhat more involved, and requires an auxiliary con-
cept and four preliminary lemmas. Recall that in Proposition 2(b), S was assumed to be
a standard Borel space —that is, it is measurably isomorphic to a complete separable
metric space endowed with its Borel sigma algebra. Therefore, without loss of general-
ity we will sometimes assume in the following material that S is endowed with a metric
d that makes it a complete separable metric space, and the sigma algebra on S is the
resulting Borel sigma algebra.
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For any Y < S, the diameter of Y is defined: diam())) := sup d(s,t). For any € > 0,
s,tey
an e-partition is a collection 9) = {¥,,}}V_; of disjoint measurable subsets of S (for some

N
NeNu {w})such that | | Y, =S, and diam()),,) <eforallne[l... N].?!

LEMMA A.3. Let(S,d) be any metric space. Then (S, d) is separable if and only if it admits
an e-partition for all e > 0.

Proof: “=" Let {s,}°_; be a countable dense subset of S. Let ¢ > 0. For all

s € S, let B(s,e) be the open ball of radius § around s. For all N e N, let Yy :=

N-1
B(sn,€)\ U B(sn,e€); then diam(Yy) < e. Thus, {V,};°_; is an e-partition of S.
n=1

“<~"Forall meN, let 9™ = {Y;"}°_, be a ( )-partition. For all (n,m) e N2, let
Sn,m € Y5'. Then {sy, m}* isa countable dense subset of S. O

n,m=1

Let P be a collection of Borel probability measures on S, let K € N, and let q =
(q1,---,qx) € AK. A q-Poincaré sequence for P is a sequence {(&",9",¢,)}%_,, where
forallneN, " = {G]",...,G}} is a K-cell measurable partition of S, ¢, >0 and 9"
is an e, -partition, such that lim en = 0, and such that for all p € P, there exists N € N

such that for all n > N, all & e [ K],and all Y € 9", p[G}} n V] = g p[Y] (and thus,
[gk] = qk)-

Example. LetS :=[0,1). Let P := {\} where ) is the Lebesgue measure Letq = (%, ;)
ForallneN, let e := 1/2" and let 9™ := {Y7,..., V3. } where )}’ := [ 2n , 2n) for all k e

[1...2"]. Finally, let 8™ := {G]", G2'}, where

2n+l 2n+1
g? — U ynJrl and gé’L — U yn+1
k odd k even

Then {(&",9",€,)}°_; is a (3, 5)-Poincaré sequence for {\}.

LEMMA A.4. Let(S,d) be any separable metric space. Let H < ba(S) be a countable collec-
tion of nonatomic signed measures on S. Let F be the linear subspace of ba(S) consisting
of all finite linear combinations of elements of H. Let P = F be the set of all probability
measures in F. Then for all K € N and all q e AX, P has a q-Poincaré sequence.

Proof: Suppose H = {nn % _,. For all n e N, the Jordan Decomposition Theorem says
nn =n;7 —n,,, where n; 1, € ba(S) are either zero or positive measures (Bhaskara Rao
and Bhaskara Rao, 1983, Thm.2.5.3). They are nonatomic because 7,, is nonatomic. By
replacing {n,, }%°_, with {n£}%_, if necessary, we can assume without loss of generality
that all elements of H are positive, nonatomic measures.

21Note that we allow these partitions to have a countably infinite number of elements. This is necessary
because S is not necessarily compact.
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Let {e,};°_; be a positive sequence with lim ¢, = 0. For all N € N, Lemma A.3 says

n—ao0
S has an e -partition 9.
CLAIM 1: Forall NeN,andally e @N, there is a measurable partition {gf}, ... ,Q%}
of Y such thatne[l...N], we have

m(GY) = qr-m(Y), forallke[l...K]. (A2)

Proof: Letne[l...N]. Ifn,()) = 0, then the equations (A2) are trivially satisfied for any
partition {gi,, ceey gff}. So,let N':={ne[l...N]; n,(Y) > 0}; it suffices to construct
a partition satisfying the equations (A2) for all n € /. For all n € N, let 7},, be the
nonatomic probability measure on ) defined by setting 7, (i) := 0, (U)/9n (V) for
all measurable ¢/ = ). Thus {7, },enr is a finite collection of nonatomic probability

measures, so Lemma A.1 yields a partition {gf} ety g};} of Y such that
M(GY) = qp forallke[l...K]andneN. (A3)
For all n € A/, multiply both sides of (A3) by 7,,()) to obtain (A2). <O claim 1

Fix N e N, and apply Claim 1 to all J € 7. Observe that the sets in the family {g,?f ;
YePNandke[l... K]} are all disjoint. Forall ke [1... K], define

G = || . (Ad)
yeyN
Then {GY,...,G¥} is a measurable partition of S: these sets are are disjoint, and
K K K
o - O( U e)- U (D)~ U»-s
k=1 k=1 \yeyN Ve N \k=1 YeyN

Furthermore, for all ) € @N, we have Q,JCV NnNY = Q,f for all ke [1...K]; thus, for all
nell...N],
Mm@ nY) = m(@)) = am) (A5)
where (=) is by equation (A2).
Now, let p € P. Then there exists some N € N such that p is a linear combination of

M,...,nn. Thus, for any n > N, p is also a linear combination of 51, ..., 7, (with zero
coefficients for nn41,...,7,). Thus, for all Yy e 9™ and all k€ [1... K], equation (A5)
yields p[G' N V] = qi p[V], as desired. 0

LEMMA A.5. Suppose (S,d) is a complete, separable metric space. Let K € N, let q e AK,
let P < A,(S) be a collection of countably additive Borel probability measures on S, and
let {(&", D", en)}°_, be a q-Poincaré sequence for P. Let L = (P). Then (&™)>_, is L-
almost-objectively uncertain and subordinate to q.
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Proof:Let \e Landlet ke [1... K]. We will show that

lim A(G}) = . (A6)

n—a0

dA
There exists p € P such that A << p. Let ¢ := P and C :=sup ¢(s). Then C < . Fix
P seS

e > 0. By hypothesis, S is a Polish space, so Lusin’s Theorem yields a compact subset
K < S such that ¢ is uniformly continuous on K and

€

C
i A
p(KY) < SC (A7)
(Aliprantis and Border, 2006, Theorem 12.8, p.438).22 It follows that
AKY] = J pdp < C-olKY < -2 = & (A8)
KC (%) ) 8C 8

where (*) is because 0 < ¢(s) < C for all s € S, and (}) is by inequality (A7). Since
{(&™, D", en)}°_, is a Poincaré sequence for P, there is some N; € N such that for all
n> Njandall Y e 9",

plGr Y] = aplY]. (A9)

€

Cam1: Foralln>Ni, Y ‘p[ggmymlc]—qkp[ym/q < e

yeyn
Proof: Letn> N. Forall Yy e 9",
pIGE 0 Y A K] =g plY A K]|
= |plGE 0 ¥ A K] = plGE 0 VI + plGE A V] = i LY A K]
= [plGE Y A K] = pIGE A Y]+ ax V] ar oY ~ K]

= [olG1 " Y A K = lG A V] + a (o]~ oY A KT

plF 0 Y]~ plGE Y A K| + ai [plY] — plY A K]

= plG} 0 Y A KM+ qi, p[V A KC. (A10)

N

Here, (*) is by equation (A9). Thus,

3 |olgt n YKkl -ay Kkl < Y (plgE 0 YK+ aply 0 K)
yecgn (1) yeggn

:p[ |_| (g,gmym/cc)] +qkp[ |_| (ymICC)]

Yeyn yeyr

22This is the one place in the proof of Proposition 2(b) that requires countably additive measures.
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:p[ggml@m |_| y}Jqup[lCEm |_| y]

yegn yen
_ n C C € ¢ — €
o[k K]+ aen | K] S sctsec ic’
as claimed. Here, (}) is by applying inequality (A10) to each Y € 9", (*) is because
|_| Y =S8, and (¢) is by inequality (A7). <& claim 1
ye@"

Recall that ¢ is uniformly continuous on K. Thus, there exists some § > 0 such
that, for all s1,s2 € K, if d(s1,52) < 0, then [¢(s1) — ¢(s2)| < §. Find N2 € N such that
en <0 for all n = Ny. Thus, if n > Ny and Y € 9", then d1am(y) < e, <6, so that for
all y1,y2 € Y n K we have [¢(y1) — ¢(y2)| < §. Thus, there is some cy € R such that
|p(y) — cy| < § forallye Y n K. Thus, for all n > No,

| (p—cy) dp
ymmmgg

b—cyldp < L’Cg Sdp = alvaknagr @i
NICNG?

’/\[y“’C“g?]—Cy'P[ymlCmQ,?]’ =

<)
ymegg

where (x) is because ¢ = j—)\ By a very similar argument,
p

‘A[ym/q—c),p[ym/q‘ < ip[ym/q, forall n > No. (A12)
Now, forany ne N,
NGE ARl =aAIK] = D AGE KV —ap ) AN Y]
Ve Yey
:ZCyp[g,?mICmy]—ZCyp[gkmlCmy Z)\gkmlCmy]
Ye Yey) YeQ
—qr 2, MKV +ar Y, cyplKn V] —ar D) eyplKn Y]
Ve Ve Ve
= 3 (evolGF KAV =gy plk V1) + X (AGE KA Y] ey plGf n K Y))
yey Yey
—qr ) ( [KAY] —cyp[lCmy]) (A13)
ye

where (x) is because |_| Y =S. Nowlet N, := max{Ny, Na}. Then for all n > N,
yepn

ALGH K] = ax AIK]|

< |3 ey (olGF 0K V)~ gkl V)

> (MGE A KAV = eyl n k)
() yem

Ye
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+ae | Y, (MK V)= epplk n 1)

Ve
< Y ey plgE KAV —aplK V] + Y AGE KA V] = eyl A K Y|
Ve ye)
tap Y, MKV = eyl n V)
Ye
< C Y plginKaVi=auplka V]| + Y SolGE KAVl +a Y] Lok Y]
) yey Ve Ve
€ € €
< C— + - plGE nK Y]+ - plK Y]
o 4C T 4 y%]@ 4 y;@
€ € n € € € € %

Here, (¢) is by equation (A13), while (x) is by inequalities (A11) and (A12). Finally, (})
is by Claim 1, and also uses the fact that ¢ < 1. Thus, for all n > N,

ALGET = axl = [ALGE A KT+ AGE 0 K] = @i (MK + MK )|
< AR ~ K|+ [ALGR ~ K1 = @ ALK + AT

< ¢ + ‘/\[Q,Z} N K] —qk/\[/C]) + ¢
() 8 8
58 1478 T ¢
where (*) is by two applications of inequality (A8), while () is by inequality (A14).
We can construct such an N, for any e > 0. This proves the limit (A6). O

LEMMA A.6. LetS be any measurable space, and let L = A(S) be a set of probability mea-
sures on S. Let R be the convex closure of L in the total variation norm. Let qe AX. Ifa
partition sequence (6™)X_, is L-almost-objectively uncertain and subordinate to q, then
(&™), is R-almost-objectively uncertain and subordinate to q.

Proof: Let R be the convex hull of £. If (&™)°_; is £-almost-objectively uncertain and
subordinate to g, then it is easily shown that (&™)*_, is also R-almost-objectively
uncertain subordinate to q.

For all n € N, suppose & = {G7,...,G}. Let pe R. Then there is a sequence
{pm}yr_; in Ro such that klEréo |pm — ply, = 0. Forall ke [1... K], we must show that

the limit (5) holds for p.
Let ¢ > 0. There exists m € N, with ||p,,, — pl|,, < §. This means that |p,,(G) — p(G)| <
¢/2 for all measurable G < S. In particular,

1(G1) = pm (G| < % forallneN,allke[l...K]. (A15)

(Al4)
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The limit (5) holds for p,,,, so there exists some N, € N such that

lom (Gi) —ar] < % forallke[l...K]andalln > N.. (A16)

Combining inequalities (A15) and (A16) yields | p(Gr) — qk| < eforall n > N.. We can
obtain such an N, for any ¢ > 0. Therefore, the limit (5) holds for p. O

Proof of Proposition 2(b) Suppose S is a standard Borel space. We can assume without
loss of generality that there is a metric d making (S, d) a complete separable metric
space, and the sigma algebra on S is the Borel sigma algebra. Let R = A(S) be separa-
ble and nonatomic; we must show that (R) is consilient.

Let \V be the closed subspace of ba(S) spanned by R. Then N is separable because
R is separable. Thus, N it is spanned by a countable subset #.?* Since R (and hence
N) is nonatomic, all elements of # are nonatomic. Let F be the linear subspace of
ba(S) consisting of all finite linear combinations of elements from #. Then A is the
norm-closure of . Let P := F n A(S), and then let £ := (P).

CLaM 1: (R) is contained in the norm-closure of L.

Proof: Let pe (R). Find p e R such that y << p and ¢ := 1s bounded. Since R c V,

and N is the norm-closure of F, there exists a sequence (zjn)?%1 in 7 converging to

pinnorm. For alln e N, let Xn € ba(S) be the measure such that /N\n << v, and (11)1\/2 =

¢. Next, let A, := Xn /lrn, Where ¢,, := Xn (S). Then A, € L. (Proof: By construction, A,
is a probability measure, and A\, << v,,. Let m, := v, /v (S); then 7, € P, A,y << 7y,
and d>‘" is a multiple of ¢, hence bounded.) To prove the claim, it suffices to show
that the sequence {\,}°_; converges to 4 in norm. For any neN,

=l < | (A17)

o[-
vr

vr

L ¢ d(p—vn)

Combining this inequality with defining for-
<@l - |2 — vnly,—E5-0, where (1) is be-

n—o0

Now, for any measurable / < S,

f¢>dp fqbdun

< @l - lpU) = v ()],

pU) —

w

where (x) is because g—’p‘ =¢= d’\”

mula (4), we deduce that HM - An‘ .

cause v, converges to p in norm by hypothesis. Thus,

d o=l =0 19
Meanwhile,
Po=da| =ldn=dalee = =tal-Dale = 1=l

23i.e., N is the norm-closure of the vector space of all finite linear combinations of elements of .
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[ o

= 0®) —3®)] =

~|[eao-v| < Bololo- e 2 0,
where again, (x) is because g—‘; =¢= % and (t) is because v,, converges to p in
norm. Thus,
o P (A19)
n—0 vr

Equations (A17), (A18) and (A19) yield hIrcl}O [ — Anly, =0, as desired. <& claim 1
n—

Let q e A¥. Since S is separable, Lemma A.4 says that P has a q-Poincaré sequence
{(&™, 9™, en)}_ ;. Then Lemma A.5 says that (&™)°_, is £-almost-objectively uncer-
tain, subordinate to q. Then Lemma A.6 and Claim 1 says that (&™)"_, is (R)-almost-
objectively uncertain, subordinate to q. O

APPENDIX B: PROOFS FROM SECTION 4

The proof of Theorem 1 uses Proposition 3, so we will prove that first. The proof of
Propositions 3, in turn, uses the following result, which can be seen as the special case
of Proposition 3 for SEU representations.

LEMMA B.1. Let R, qe AKX, xe XK, and a = (a™)®*_, be as in Proposition 3. For any
p€ R, and any measurable u : X —R,

K
lim | woa™dp = quu(azk)
k=1

n—0o0 S

Proof: By hypothesis, there is an R-almost-objectively uncertain partition sequence G =
(6™)X_, subordinate to the probability vector q, and for all n € N, the act o™ is &"-
measurable. Suppose q = (q1,...,qx) € AKX, For all n € N, write " := {Gt,....G%}
such that the limit equations (5) hold. By hypothesis, there is a K-tuple x € XX such

thatforallneN,allke[1... K],andall s € G}!, we have o (s) = z},. Thus, forany pe R,

K
| weamdo = 3 utwn) o).
S k=1
K
Thus, lim | woa™dp = lim Zu(xk)p(g,?) =

S k=1

M=

u(ex) lim p(GF)

=
Il
—_

where (x) is by the limit equations (5). O
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Proof of Proposition 3. Recall the notation of equation (3). We will first show that the
limit equation (7) holds for V and V, and then show that it holds for V itself.

K
ClAIM 1: lim V(a") = Z qr u(Tk).
k=1

n—o

Proof: Let B := |ul|,,. Then B < w0, and the sequence {V (a")};_, is bounded in the in-
terval [— B, B], so it has convergent subsequences. To prove the claim, it suffices to

K
show that every convergent subsequence of {V (a™)}°_; convergesto Y, g u(xy).
k=1
So, let {n(¢)}}2, be an increasing sequence in N such that the subsequence

K
{K(an(z))}ﬁl converges to some limit V*. We must show that V* = ) g u(zy).

k=1

For all ¢ € N, define the linear function vy : A(S)—R by
ve(p) = j woa™® dp, forall pe A(S). (B1)

s
This function is continuous in the norm topology, while P is closed in this topology.
Thus,
V(") = minwv(p) = wilpe), (B2)
pEP

for some p, € P. Furthermore, P is norm-compact. Thus, the sequence {p,};~,
has a subsequence {p,,, };-_, that converges to some limit point p, € P in the norm
topology.

Let e > 0. There exists M; € N such that, for all m > My, |pe,, — p«l,, < 35 Thus,
for all n e N and all m > M7,

J‘ anndp[rn_J U’Oan dp* J‘ UOOénd(pf”L_p*)
S S S

€
Sluoa®le -lpem —pelye < B35 = 3 (B3)

In particular, setting n := n(¢,,) in (B3) and invoking equation (B1) yields

€
< 3 (B4)

"Ufm (pfm) - Ugm (p*)

Next, substituting equation (B2) into inequality (B4) yields

€

V(@) —vp,, (o) < 2 (B5)

Meanwhile, p, € R, so Lemma B.1 yields some N € N such that,

K
U uoa” dpy — Z qru(zg)| < % foralln > N. (B6)
S k=1
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Since the sequence {n(¢,,)};-_, is strictly increasing, there is some M € N such that
n(¢y,) > N for all m > M. From this and inequality (B6), it follows that

J wo qém) dpy — Z qru(zk) < E, for all m > M. (B7)
S 3

Using the defining equation (B1), we can rewrite inequality (B7) as follows:

< £ forallm > M. (B8)

Ve, (Ps) Z qr u(zy)

Finally, by hypothesis, ehm K(a"(z)) = V™. So there is some L € N such that
—00

Ve -v@ | < £ forall(>L. (B9)

Since the sequence {¢,,}* _, is strictly increasing, there is some M3 € N such that

Ly, > L for all m > Ms. From this and inequality (B9), it follows that
‘v* fV(oz"(Zm))‘ < § for all m > M. (B10)

Now let M, := max{M3, My, M3}. Then for all m > M., we have

K
= > e u(y)
k=1

—+

K
Wm px) Z

< ‘V* —z(a”“m))’ + )K(a”“m))—vem(m)

<
*

where (=) is by inequalities (B5), (B8), and (B10).

w| ™

K
This argument works for any e > 0. Thus, V* = > g u(zg). <& claim 1
k=1

By an argument similar to Claim 1 (replacing min with max), we can show that

lim V(a™) = Z qr (). (B11)

n—00

Combining inequality (3) with Claim 1 and equation (B11) yields equation (7), proving
the theorem. O

Proposition 3 yields a convenient condition for asymptotic preferences.

LEMMA B.2. Let R < A(S) be consilient. Suppose > has a compact, contiguous GH rep-
resentation (3) V with P < R. Let a and (3 be almost-objective acts. Then oo > 3 if and
only if there exist N e N and e > 0 such that V(o) > V(") + € foralln = N.
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Proof: “=" If a >% 3, then there exist o/, 3’ € A and N € N such that for all n > N, we
have V(a") > V(d/) > V(8') > V(8"), and thus V(a”) — V(") > V() — V(B') > 0.
So,lete:=V(a/) —V(B'). Thene>0,and V(a™) > V(B") + cforalln > N.

“e—=" Let qe AK and x e XX (for some K e N) and suppose that « is subordinate
to the lottery (q,x). Let pe AL and y € X (for some L € N) and suppose that 3

K L
is subordinate to the lottery (p,y). Let A:= ] qru(zy) and B := >, pyu(y,). Then

k=1 =1
Proposition 3 says that
lim V(") = A and lim V(5") = B. (B12)
n—00 n—o

fV(a™) > V(™) + e for all n > N, then the limits (B12) imply that A > B + ¢. Thus,
A— £ > B+ 5. Thelimits (B12) yield M € Nsuch that V(a™) > A—£and V(™) < B+
§ forallm > M. Since V is contiguous, its image V' (A) is a dense subset of an interval
in R. By prior observations, this interval must contain the subinterval [B + §, A — §].
So there exist a,be V(A) such that A — £ >a>b> B + 5. Then forallm > M,

V(am)>A—§>a>b>B+§>V(ﬁm). (B13)

Leto/, 3" € Abesuchthat V(o) = aand V(3') = b. Then for all m > M, the inequalities
(B13) imply that o™ > o’ > g’ > 8™, as desired. O

Let U be the Banach space of bounded, measurable, real-valued functions on X, en-
dowed with the norm |||, defined by |ul|,, := sup |u(z)| for all uw e U. We shall use the

following straightforward consequence of the Separatlng Hyperplane Theorem.

LEMMA B.3. Let {u;}jcs < U, and suppose {u;};cz satisfy Minimal Agreement. Suppose
there exists z € X such thatu;(z) =0 forall je J. LetC be the convex cone inlU spanned
by {u;}iez andO. Ifu, ¢ C, then there exist finitely additive probability measures v, and vs
on X such that

J U, dvy < f uo dvo,  while f w; dvy > J u; dvy  forallieT. (B14)
x X X X

Proof: (Pivato, 2022, Lemma A.2). O
Proof of Theorem 1. “=" (by contradiction) Suppose >, satisfies Almost-objective

Pareto, but u, is not weakly utilitarian. Let z € X. We can assume without loss of
generality that u;(z) = 0 for all j € 7. To see this, let ¢; := u;(2), and then define
Uj(r) ;= uj(x) —c; forallz € X. If >, has a GH representation (3), then >; also admits
a GH representation where u; is replaced by ;.

Now let C be the closed, convex cone in U spanned by {u;};,cz and 0. Then wu, is
weakly utilitarian if and only if u, € C. Thus, if u, is not weakly utilitarian, then u, ¢ C,
in which case Lemma B.3 yields finitely additive probability measures v; and v» on X
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satisfying the inequalities (B14). Forall j € 7, let¢; := U uj dvy — J uj dvo|. Let
X X
! in (B15)
€ = = €5
5 JjeT 7
Then € > 0. Inequalities (B14) and definition (B15) yield
J Uy dvg — J u, dvy > 5e, (B16)
X X
while J u; dvqg — f u; dvg > 5¢, forallieZ. (B17)
X X

Let R := max {|u; Hoo}jej; this value is finite because {u;};c 7 are bounded. Let N :=
[R/e] + 1; then Ne > R, so the interval [-N ¢, N €) contains the ranges of {u; }Jej For
allje Jandallne[-N...N],let Y}, := (u;)"*[ne, (n+1)e). Then Y := (Y4} is
ameasurable partition of X. Let2) be the common refining partition of {2)7} je 7. This
is a measurable partition of X'. Suppose it has K cells, and write Q) = {)}}X_,. For all
ke[l..K],letpl := v1(Vx) and p7 := v2(V%). Then p* := (p})K_| and p? := (p})K_, are
K-dimensional probability vectors. Forall ke [1... K], let 2 € V.

CLAIM 1: Forallje J,

>

k=1

< e and < e

X X

Proof: To prove the first inequality, note that

K

K
Z 148 (yk) U (Cvk) - lzl J;}k Uj dV1

]lgu‘](xk) —J uj dVl
X k=1

K

=
33 (J mtewran = [ wran)| -
<I§1Lk\uj(xk)—uj(y)|dle[y] < élfykedul = iGVl(yk:) = e

()

K

kZ::l (Lk uj(@k) —uj(y) dvy [y]> ’

as claimed. Here (*) is because for all k£ € [1... K], we have z; € }), while ne <
uj(y) < (n+1)e) for all y € Yy, so that |u;(zx) — u;j(y)| < € for all y € V.. The proof
of the second inequality is similar. O clainm 1

Combining inequalities (B16) and (B17) with Claim 1 yields

K

K
Z Pruo(y) — Z Phuo(ry) > 3¢, (B18)
= k=1

K
while Z 117/,1C ui (k) — 2 P ui(xg) > 3e, forallieZ. (B19)
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Let q e AK*X be the probability vector defined by g ¢ := pi p? for all k, £ e [1... K].
Since R is consilient, there is an R-almost-objectively uncertain partition sequence
(®™)_, subordinate to q. For all n € N, write 6" = {Gf! ,}}*,_,, with

linéop(g{;g) = qr¢, forallpeRandk,le[l...K]. (B20)
n— ’

ForallneN, and {,k € [1... K], define G , := G’y v Gy U - UG and GF =
G v Gy UGk, Then the equation (B20) yields

lim p(G.) = pp and  lim p(Gy,) = pz, forallpeR. (B21)

n—a0
For all n € N, define acts o”, 8" : S— X as follows.
* Forallke[l...K],leta”(s) ==z forall se G ,.
* Forallle[1...K],let 3" (s) := zy forall se G ,.

Thus, a = (a™)7°_; and 8 = (8™);"_, are R-almost-objectively uncertain acts. They are
compatible because for all n € N, o™ and " are both &”-measurable. By construction
and equations (B21), « is subordinate to (p!, x), while 3 is subordinate to (p?,x).

CLAIM 2: o> foralliel.

Proof: For all i € Z, let V; : A—R be a GH representation for >; in which P; € R is
norm-compact. Proposition 3 says that

lim V;(« Z pkul x) and hm Vi(B™) Z Pi wi(xg)-

n—ao0

Thus, there exists NV € N such that

K K
Vi(a™) — Z phui(zy)| < e and - Z prui(zy)| <€ foralln>N.
k=1 =1
(B22)
Combining inequalities (B19) and (B22), we obtain V;(a™) —V;(8") > ¢, foralln > N.
Thus, a >3° 8 by Lemma B.2. <O claim 2

By an argument identical to Claim 2, but using inequality (B18) rather than (B19), it is

easy to prove that o < 3. This, together with Claim 2, is a violation of Aimost-objective

Pareto. Contradiction. To avoid this contradiction, u, must be weakly utilitarian.
“«<=" (by contradiction) Suppose u, is weakly utilitarian; thus, u, = Z c; u; for

€L

some constants ¢; > 0. Suppose Almost-objective Pareto is violated. Then there exist

compatible almost-objective acts a and 3 such that a >° @ forall i e Z, while o <° 3.

Thus, for all i € Z, Lemma B.2 yields ¢; > 0 and NN; € N such that

Vi(@™)=V;(8") > 2¢, foralln=N;, (B23)
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whereas there is some ¢, > 0 and some N, € N such that
Vo(B™) —Vo(a™) > 2e, foralln > N,. (B24)

There exist K € N, pe AKX, and x € XX such that « is subordinate to (p,x). Likewise,
there exist Le N, qe A%, and y € X such that 3 is subordinate to (q,y).
K

CLAIM 3: ForallieZ, Zpku,(xk) - 2 qui(yg) >0
k=1

Proof: For all i € Z, let V; : A—R be a GH representation for >; in which P, € R is
norm-compact. Now follow the argument from the proof of Claim 2 to obtain M; €

N such that
K L
Vi(@™) = > prui(zy)| < e and [Vi(B™) = Y qouiye)| < e, forallm > M.
k=1 =1
(B25)
Now let n = max{N;, M;}, and combine (B23) and (B25) to get the claimed inequal-
lty. & claim 3

By an argument similar to Claim 3, but using inequality (B24) rather than (B23), one
can show that

K L
Z Pk Uo(T) — Z qeuo(ye) < 0. (B26)
=1 =1

Now, u, = Z c; u;. Thus,
i€l

K L K L
2 Prtio(Tk) = D aeuolye) = Xy pr D ciwi(er) = D ae ) citilye)
k=1 =1 l=1 €L

k=1 i€

K L
:ZCi(ZPkU@ ) Z Qo Ui yg> (B27)
k=1

i€l

But ¢; > 0 for all 7 € Z, so equation (B27), inequality (B26) and Claim 3 are logically
inconsistent. To avoid this contradiction, Almost-objective Pareto must be satisfied. [

Proof of Corollary 2. For all j € 7, the preference >; has a GH representation induced by

a compactset P; = A(S) of nonatomic probability measures. Let R := () P;. Then R
JjeJ

is compact (because 7 is finite), hence a separable subset of A(S). Thus, Proposition

1 say that R is consilient. By definition, >, satisfies Almost-objective Pareto* if and only

if it satisfies R-Almost-objective Pareto, which (by Theorem 1) is the case if and only if u,

is weakly utilitarian. O
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APPENDIX C: PROOF OF RESULTS FROM SECTION 5
Proof of Proposition 4. The following axiom about beliefs is due to Mongin (1995):
Cl. Forall B,C < S, if p;(B) = p;(C) for all i e Z, then p,(B) = po(C).

CLAIM 1: >, satisfies Dichotomous Pareto if and only if p, satisfies Axiom CI.

Proof: Let 5,~ be congruent dichotomous acts, ranging over a dichotomy {z,y}. Then
there exist measurable subsets B,C < S such that for all s € S, we have

Bls) = (€1

if s € B;
{x : v(s) =

z if seC;
y otherwise.

y otherwise.

Thus, for all j € 7, we have 3 >; v if and only if p;(B) > p;(C). It follows that Di-
chotomous Pareto (for 3 vs. «) is equivalent to Axiom C1 (for B vs. C). We can make
this argument for any congruent pair of dichotomous acts 5 and . Conversely, for
any measurable 5,C < S, we can construct congruent dichotomous acts g and -y
satisfying statement (C1). <& claim 1

“=" If >, satisfies Dichotomous Pareto, then Claim 1 says that p, satisfies C1. Thus, p,
is a weighted average of {p; };cz by Proposition 2 of Mongin (1995).%*

“«<=" If p, is a weighted average of {p; };c7, then it clearly satisfies C1. Thus, >, satis-
fies Dichotomous Pareto, by Claim 1. O

Theorem 2 is a consequence of a more general result. Let > be a preorder on A (e.g. a
Bewley preference). We will write o >* 3 if there exists V € N such that a,, > 3, for all
n>=N.

Now let {&>;},c7 be a family of Bewley preferences satisfying MAO, and consider a
sequence of acts a = (a™)_;. We shall say that « is dichotomous if there is some di-
chotomy (z,y) such that o™ ranges over {z,y} for all n € N. Suppose that R < A(S) is
consilient. We shall say that « is R -piecewise almost-objective if there is a measurable par-
tition = {H1,Ha,...,H s} of S and a family of R-almost-objective acts a1, a2, ...,
such thatforallneN,and all je[1...J], we have

a(s) = «aj(s) forallseH,;. (C2)
In other words, « is achieved by “patching together” a1, ..., a; according to the parti-
tion $). Any almost-objective act is piecewise almost-objective (via the trivial partition).
Consider the following axiom:

‘R-Dichotomous piecewise almost-objective Pareto. Let @ and 3 be two dichotomous R-
piecewise almost-objective acts. If o >¢’ 3 for all i € Z, then a ¥ 3.

24 Mongin assumes countably additive measures. But he does this only so that he can invoke the Lya-
punov Convexity Theorem, which was extended to finitely additive measures by Armstrong and Prikry
(1981, Theorem 2-2).
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Compared to R-almost-objective Pareto, this new axiom is broader in one way (it applies
to piecewise almost-objective acts), but narrower in another way (it applies only to di-
chotomous almost-objective acts). It also differs from R-almost-objective Pareto in that it
involves the (possibly incomplete) Bewley preferences {>,} ;c 7 instead of the weak or-
ders {>;}jc7, and it requires the planner’s asymptotic preferences to actually agree with
those of the individuals, rather than simply not disagree. Theorem 2 is an immediate
consequence of the following more general result.

THEOREM C.1. Let R = A(S) be strongly consilient. Forall j € 7, let > ; be a Bewley pref-
erences induced by a compact subset P; = R and utility function uj : X—R. Suppose

{>,}jes satisfy MAO. Let P be the T-closed convex hull of | J P;. The following are equiv-
i€l
alent:
(a) >, satisfies Dichotomous piecewise R-almost-objective Pareto.
(b) >, satisfies Dichotomous Pareto.

(¢) P, P.

The proof of Theorem C.1 requires some preliminaries. A measurable function ¢ : S—R
is simple if it takes only a finite number of values. For any simple function ¢, define ¢* :
ba(S)—R by setting by ¢* (1) := {5 ¢ dp for all p € ba(S). Then ¢* is a linear functional
and continuous in the norm topology.

LEMMA C.2. Let R < A(S) be strongly consilient. Let {>;};c s be Bewley preferences on
A that satisfy MAO, and let (x,y) be a dichotomy for {>} ;e 7. Suppose their Bewley rep-
resentations (8) have belief sets contained in R, and utility functions {u;};c s that are
renormalized such that u;(x) = 1 and u;(y) =0 forall j e J. Let ¢ : S—R be a simple
function, and consider the functional ¢* : ba(S)—R. There exists a dichotomous piece-
wise R -almost-objective act oo = (o™)>_, such that

lim | wjoa™dp; = ®*(pj), forallje J andallp; e P;.
n— S
Proof: By hypothesis, there exists a measurable partition {G;,...,G1} of S and some
L
r1,...,r € Rsuchthat¢ = >} ry1g,, where 1g, is the indicator function of G,.
=1

CLAIM 1: Forallle[1...L), there exists a sequence (F}')*_, of subsets of G* such that
linéO p(F) =1¢-p(Ge) forallpe R.

Proof: For all pe R, let pg, € A(S) be the measure obtained by Bayes-updating p on G,.

d .
Then pg, € (R), because pg, << p and gif =1g,/p(G,) is bounded.

By strong consilience, there is a sequence of measurable subsets (£")°_; in S

such that limOO w(E™) =ry forall pe (R). Thus, lin%C pg,(E™) =reforall pe R, by the
n— n—00

previous paragraph. For alln e N, let 7! := €™ n G,. Then 7} € G,. Forall pe R, we
have p(F') = pg, (F7') - p(Gr) and pg, (F') = pg,(€"). Thus, lim pg, (Fy*) =1, and
hence hmoo p(Fit) =71 p(Go). <& claim 1
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Now, for all n e N, let 7', 73',..., F}' be as in Claim 1; these sets are disjoint because

L
G1,G2,--.,Gr, are disjoint. Let 7 := | | 7}V, and then define o™ € A by:
=1
i n.
forall se S, a"(s) = {xlfse}".,
y otherwise.
The sequence a = (a™);7_; is clearly dichotomous, and is piecewise R-almost objec-

tive (with respect to the original partition &). For all j € J, we have u; o o = 1zn.
Thus, forany pe R,

L L
Jujoa"dp = fl}—ndp = p[F"] = plu}"fi} = Zp[}'ﬂ (C3)
S S =1 =1
Thus,
L L
3 . n J— 3 n —
d Jgraeat do gl 2L el = ) tim ol
L L
ﬁZre-p(gz) = J Direlg, dp fqﬁdp = ¢"(p),
=1 Si=1
as desired. Here, (*) is by equation (C3), and (t) is by Claim 1. O

Let ¥ be the weak topology on ba(S) induced by the family {¢*; ¢: S—R a simple
function}. The total variation norm topology on ba(S) is finer than ¥. Thus, if a subset
P < ba(S) is compact in the total variation norm topology, then P is compact in ¥. For
any measurable B c S, define 7 : ba(S)—R by setting np(u) := u[B] for all 4 € ba(S).
For any simple function ¢ : S—R, with corresponding linear functional ¢* : ba(S)—R,
if p = i relg,, then ¢* := i TeNG,-
=1 =1
Proof of Theorem C.1. “(b) = (a)” Let a and 3 be dichotomous R-piecewise almost-
objective acts, and suppose that o >% 3 for all i € Z. Thus, for all i € Z there is some
N; € N such that o™ >; 8" for all n > N;. Let N := max{N,};cz. Then o™ >, 3" for all
n = N, by Dichotomous Pareto. Thus, a >% 3, as desired.

“(c) = (b)” Let (x,y) be a dichotomy for {>,};c7. Define v : {z,y}—R by v(z) =1
and v(y) = 0. For all j € 7, suppose >; has a Bewley representation (u;,P;) for some
uj : X—R. By applying positive affine transformations to {u;};cs if necessary, we
can assume without loss of generality that u; agrees with v on {z,y}, forall j € J.

Let a, 3 € A be congruent dichotomous acts ranging over {z,y}. Thenujoca=voa«
and uj o f =vo g forall je J. Suppose a >; f forall ieZ. Then for all ieZ,

we have J ujoadp = j u; o B dp for all p € P;. Using the above identities, we can
s s

rewrite this J voadp> J vo f3dpforall peP; and all i € Z. Convex combinations of
s s
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probability measures preserve weak inequalities of expected values, so this inequal-

ity also holds for all p in the convex hull of | J P;. Furthermore, vo a and vo § are
i€l

simple functions, and ¥-limits preserve weak inequalities of expected values for sim-

ple functions (because ¥ is the weak topology generated by simple functions). Thus,

we deduce that J voadp= J vo 3 dp forall peP. Since P, < P, this implies that
s

J andp?f vofBdpforall peP,. Inotherwords,f uaoadeJ uo 0 B dp for all
S S S S

peP,. Thus, a >, 3, as desired.?®

“(a) = (c)” (by contrapositive) Suppose P, & P. Let P, be a nonempty norm-
compact, convex subset of P, that is disjoint from P. (For example, let Py := {p,},
for any p, € P,\P.) Then P is also T-compact, as explained above. In the T topology,
ba(8) is a locally convex topological vector space, and P, and P are disjoint, closed
convex subsets, one of which is compact. So the Strong Separating Hyperplane Theo-
rem (Aliprantis and Border, Thm. 5.79, p.207) yields a ¥-continuous linear functional
¢ :ba(S)—R and r; < rg € R such that

o(p) < <12 < @(p), forall e Py and pe P. (C4)

Let r := (r1 + 72)/2 and let € := (r; — 72)/6; then r; =r — 3¢ and ro = r + 3e. Con-
sider the T-continuous linear functional 7s : ba(S)—R defined by ns(u) := u[S] for
all peba(S). Let ¢’ := o —r-ns. Then ¢’ is also a T-continuous linear functional, and
inequality (C4) yields:

©'(n) < =3¢ <0 < 3e < ¢(p), forall ye P, and peP. (C5)

Any %-linear functional on ba(S) has the form ¢* for some simple function ¢ : S—R,

because ¥ is the weak topology on ba(S) generated by the vector space of simple func-
L
tions (Aliprantis and Border, 2006, Theorem 5.93, p. 212). Thus, ¢’ = 3] ry1g, for

some disjoint measurable subsets G1,...,G; < S and some ry,...,ry € R. Byrearrang-
ing G1,...,Gr, if necessary, we can assume that ry,...,ry <0and rj41,...,ry > 0 for
J L
some JeN. Let p_ := — ‘21 ring; and ¢4 1= , %]Hrg ng,- Then ¢’ = o —¢_, so we
j= =

can rewrite inequality (C5) as
P+() —p-(n) < =3¢ <0 <3¢ < ps(p) —p-(p) forallpeP,andpeP.
In other words,
04 (u) < p—(n) —3e forall e Py, whereas ¢ (p) > p_(p) +3¢ forall peP. (C6)

Now, let {x,y} be a dichotomy, and assume without loss of generality that u;(z) =1
and u;(y) = 0 for all j € 7, as in the proof of “(c)==(b)”. Lemma C.2 yields piecewise

25This proof does not use consilience. So in fact it works for any R < A(S).
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R-almost-objective dichotomous acts a = («™)°_; and 3 = (8™);-_, such that for all
jeJ,andall p; e Pj,

Jim S oa"dp; = ¢4(p;) and nlggojs ujo B dp; = o—(pj).  (C7)
Now let : € Z. Since P; is compact in the total variation norm, there is a finite
subset {\¢ }f;’l c P; that is e-dense in P;, in the sense that for any p € P;, we have
|p—Af],,, <eforsomele[l...L;]. Forall £e[1...L], the right inequality in state-
ment (C6) applies to \{, because P; € P. Combining this inequality with the limit
equations (C7) yield some N! € N such that

Juioa”d)\f > 2e+f uio A AN, foralln = NY. (C8)
S S

Let N; := max{Nf}fL:il. For any n > N;, the inequality (C8) holds for all /€ [1...L;].
Now let p € P; be arbitrary. By construction, there is some ¢ € [1...L;] such that
lp— M|, <€ Thus, forany n > N,

< Jus 0 amllg - o= X

f uioa”dpff uioa”d)\f
S S

and likewise, <, (C9)

J uiOBndp—f uiOB"d)\f
S S

where we use the fact that |u; o o, |, = |[ui 0 Bnl,, = 1 because o, (S) = 8,(S) = {z,y}
and u;({z,y}) = {0,1}. Combining inequalities (C8) and (C9), we get

J u;joa dp > f u;o 8™ dp, forall peP;, (C10)
S S

and thus o” >; ™. This holds for all n > N;, so a > 3. This holds for all i € Z.
Now let p, € Px be arbitrary. The limit equations (C7) and the left inequality in state-
ment (C6) yield some N € N such that

f Uup o™ dp, < J u, 0 B" dp, forall p,e Py andn > N. (C11)
S S

Since P, < P,, this means it is impossible that «,, > §,,. This holds for all n > N;

thus, it is not the case that a >% 3. This contradicts R-Dichotomous piecewise almost-
objective Pareto. O

APPENDIX D: FURTHER EXAMPLES OF CONSILIENCE

Although the scopes of Propositions 1 and 2 are already very broad, there are many other
examples of consilient collections of measures. To illustrate this, let S and S be two
measurable spaces, and let ¢ : S— S be any measurable function. This induces a func-

A A~

tion ¢ : ba(S)—ba(S) where, for any /i € ba(S) and any measurable B < S, we define

S« (A)[B] = file~(B)].


https://econtheory.org

38 Submitted to Theoretical Economics

PROPOSITION D.1. Let S and S be measurable spaces, and let ¢ : S—S be measurable.
Let R < A(S), and let R := (¢) 1 (R) € A(S ). If R is (strongly) consilient, then R is
(strongly) consilient.

Proof: Let K € N and let q € AK. By hypothesis, there is an R-almost-objectively uncer-
tain sequence of partitions (&™)>°_, of S that is subordinate to q. Foralln € N, suppose
" ={Gr,...,G%}. Forallke[1... K], let G = #~(G}). Then B = {,C’;{L, . .,,C?}L{} isa
measurable partition of S (because ¢i is measurable). This yields a partition sequence
( Qﬁ”) ., of S. We will show that it is R-almost- objectively uncertain and subordinate
to q.

To see this, let pe R. Let p := ¢«(p). Then pe R. Forall ke [1... K], we have p( A};) =

p(Gy) forallneN, so nlgréc p(gk) = nlgr(l)o p(G;!) = qi, as desired.

To prove the claim for strong consilience, it suffices to show that <7A€> < ()~ (<R>)
To see this, let fi € <R> Then there exists p e R such that /i 11 << p and such that w = 7;
1s bounded Let = ¢+ (11) and p := ¢« (p). Then p << p and p € R. Furthermore, if ¢ :=

dp, then ¢ o ¢ = . Thus, 1 is also bounded. Thus, ;€ (R). Thus, jie (¢) L(R)). O

Dynamical systems are mathematical models of systems evolving deterministically in
time. They arise in the study of ordinary differential equations, difference equations,
and all parts of applied mathematics. Formally, a (measurable) dynamical system is a pair
(S,¢), where S is a measurable space and ¢ : S— S is a measurable function. A (count-
ably additive) probability measure p on S is ¢-invariant if ¢« () = p. The triple (S, p, ¢)
is called a measure-preserving dynamical system (MPDS). A wide variety of dynamical sys-
tems admit invariant measures, and hence can be treated as MPDS. For example, if S is
a compact metric space and ¢ : S—S is continuous, then the Krylov-Bogolyubov theo-
rem yields a ¢-invariant measure (Walters, 1982, §6.2).

An MPDS (S, i1, ¢) is mixing if, for all measurable subsets B,C < S, we have thlgo u[Bn

#7t(C)] = w(B) - u(C). Many MPDS are mixing —in particular, ones which exhibit so-
called “chaotic” behaviour. For example, let S = [0,1]. The tent map ¢ : [0,1]—[0, 1] is

defined:
B 2s if s < %
o(s) = {1—231fs>5

The Lebesgue measure on [0, 1] is ¢-invariant, and the resulting MPDS is mixing.

PROPOSITION D.2. Let (S, i, ¢) be any mixing MPDS, where . is countably additive. Let
R:={peA,(S); p<uand S—Z € L2(S,p)}. ThenR is strongly consilient.

This result addresses a possible concern about Propositions 1 and 2. Whereas the
almost-objectively uncertain partition sequences constructed in Propositions 1 and 2
might seem somewhat exotic, the sequences constructed in Proposition D.2 are ex-
tremely natural: they take a single partition of S and shift it into the far future via ¢.
Many standard examples of “effectively random” questions have this form, such as,
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“What will the temperature in Times Square be at 12:00 PM on April 1, 20622”?5 Tt is
not implausible that such questions could arise in collective decisions. This provides
further motivation for the Aimost-objective Pareto axiom of Section 4.

Proof of Proposition D.2. If (S,u,¢) is mixing, then it is ergodic, and hence x is
nonatomic. Let & = (Gy,...,Gk) be a measurable partition such that ;[Gy] = ¢ for
all ke [1...K]; this exists because p is nonatomic. Now, for all n € N, let 8" :=
(G-, G%), where G}! := ¢~ "(Gy) forall k € [1... K]. We shall show that the sequence
(&™)*_, is R-almost-objectively uncertain and subordinate to q.

Let pe R;then p « p. Let ¢ := S—Z, then ) € £L2(S, i) by hypothesis. For any measur-
able G < S, let 15 be its indicator function. Then 1¢ € 52(8 , 1), and

lim, [ woo"du = lim (1g, woo") ®1)

n—00 G

) 1gd/‘f¢d“ = p[G]-p[S] = w9l

where (x) is a standard property of mixing MPDS (Walters 1982, Theorem 1.23(iii.2)
on p.45 of §1.7; Fremlin 2006b, Proposition 372Q(iv), p.195). By applying change of
variables, (D1) becomes

lim vdp = p[g]. (D2)
n—=®0 Je-n(g)

In particular, we can apply (D2) to all G forall k€ [1... K] to conclude that

Jim p[G] = lim o ¢dp = lim () Ydp = w9l = a,
as desired. Here () is by (D2).

This proves that R is consilient. It is strongly consilient because (R)=TR. To see
this, suppose v € (R). Then v « p for some pe R, and ¢ := 15 1s bounded. By the
definition of R, p « p and ¢ := ﬁ e L2(S,p). Thus, v « and du = ¢ -1 is also in
£2(5, ) (because |- gl < [, - [o15). Thus v < R. 0

APPENDIX E: UNIQUENESS OF GH REPRESENTATIONS?2”

A preference order > might have many GH representations. How much do they have
in common? First, note that if V : A—R is a GH representation for >, then the utility
function w in expression (3) is entirely determined by V: for any = € X', we have u(x) =
V(kz), where k4 € A is just the constant act with value x. Conversely, suppose that >
satisfies the following mild condition:

26Here we assume that global weather patterns can be described as a chaotic dynamical system.
27 The proofs in this appendix rely on Propositions 1 and 3, but are independent of the other results in
the paper.
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Certainty equivalents. For any « € A, there is some z € X’ such that « ~ ;.

(For example, if X is connected and u : XY—R is continuous, then > satisfies Certainty
equivalents.) In this case, V is also entirely determined by u, because for any a € .4 we
have V(a) = u(z), where z € X' is any outcome such that « ~ k.. Thus, for preferences
satisfying Certainty equivalents, V' and u codetermine each other.

Unfortunately, the set P in a GH representation is far from unique. Indeed, let 3 be
the set of all belief sets for V' —that is, all subsets P = A(S) that satisfy (3). This set is
closed under upwards inclusion: if P = P’ = A(S) and P € B, then P’ € B also. But the
next lemma allows us to isolate some “natural” elements of Q.

LEMMA E.1. If GH is compact, then‘y has inclusion-minimal elements.

Proof: Recall that a chain in 3 is a subset Q < ‘B that is linearly ordered under inclusion.
We first show that every chain has a lower bound in 3. Let Q < ‘B be a chain, and let

Q*:= () Q.Then Q* € also. To see this, let o € A. For all Q € 9, the inequalities (3)
QeN
imply that there exist p o0 Po€Q such that

Juoadp < V(e < Juoadﬁg. (E1)
S =Q S

If we order Q by reverse inclusion (so that Q < @’ if 9 > @) then 9 is a directed set,
and {BQ}QEQ and {pg}oen are nets in A(S). For any Qp € Q, we have PoiPQ € Qo
for all Q € Q with Q < Qg. Thus, the tails of these nets are contained in Qg, which is
compact. Thus, they have convergent subnets. Let p be alimit of a subnet of {p Q}QE 9
and let p be a limit of a subnet of {py} gen. Then the inequalities (E1) imply that

Juoaddp < Viw) < Juoadp, (E2)
S - S

because the functional A(S) 3 p— {guoa dpeR is continuous.

It remains to show that p,p € Q*. To see this, note that for any Q' € Q, the tails of
{p Q}QGQ and {pg} geq are contained in Q’. So any limit points of subnets of {p Q}QGQ
and {po}oecn must also be contained in Q' (because Q' is closed). Thus, p,pe Q. We
conclude that p,pe Q' forall @’ € 9, and thus, p,p € Q*.

Inequality (E2) implies that inequality (3) holds for O* and «a. This argument works
for all a € A. Thus, Q* € 3.

Thus, any chain in 3 has a lower bound in ‘B. Thus, Zorn’s Lemma implies that B
contains inclusion-minimal elements. [

Unfortunately, Lemma E.1 does not say that 3 has a uniqueinclusion-minimal element;
it may have more than one. But this question of uniqueness is beyond the scope of
this paper. Furthermore, an inclusion-minimal element of 3 might not be the most
natural choice for other purposes. For example, as explained in Section 5, under certain
conditions, there is a unique weak* compact, convex set P < A(S) and a utility function
u: X—R that yield both a generalized Hurwicz representation (3) for >, and a Bewley
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representation (8) for the unambiguous part of > (Ghirardato et al. 2004, Propositions 5
and 7; Cerreia-Vioglio et al. 2011, Proposition 5). But this P is not necessarily minimal
in .

Nevertheless, whether we wish to work with an inclusion-minimal belief set in 3, or
with the unique belief set in 9@ that is suitable for the Bewley representation of the un-
ambiguous part of >, this discussion shows that there are a relatively small number of
“natural” belief sets for V. And we have already seen that the utility function « is deter-
mined by V. But couldn’t > have two different representations V; and V5, described by
two different utility functions u; and ue and two different collections of minimal belief
sets P1 and Po? The next result addresses this question.

PROPOSITION E.2. Suppose > satisfies Certainty equivalents. If Vi and Vo are compact,
nonatomic GH representations for >, then they have the same inclusion-minimal belief
sets, and there are constants a > 0 and b e R such that Vi = aVa + b.

This is actually a consequence of a more general result.

PROPOSITION E.3. Let R = A(S) be consilient. Let > be a preference order on A, and
let V1,Va : A—R be two compact GH representations of > with utility functions uy,us :
X—R and belief sets P1,P> < R. Then
(@) There exist constantsa > 0 and b e R such that v, = aus + b.
(b) If > satisfies Certainty equivalence, then also Vi = aVa + b.
(c) IfB; is the set of all belief sets for Vi, and B35 is the set of all belief sets for Vs, then
By =Po. Hence they have the same inclusion-minimal elements.

Proof: Part (c) follows from (a) and (b). To prove part (a), recall that forall a € A4,

inf J upoadp<Vi(a) < sup f uioadp, and (E3)
PEP1LJS peP1 JS
inf f ugoadp<Vo(a) < sup J ug o o dp. (E4)
rEP2 Js pEP2 JS

Let a = (™)°_; and 8 = (8™);"_, be compatible R-almost-objective acts, and sup-
pose that & >* 3. Then Lemma B.2 yields €1, e2 > 0 such that for all sufficiently large
neN, we have Vi (a™) > V1(8") + €1 and Va(a™) > Vo (8") + e2.

Suppose « and 3 are measurable with respect to the almost-objectively uncer-
tain partition sequence G = (8")_;, where &" = {G",...,G%} for all n € N, and
suppose G is subordinate to the probability vector q = (q1,...,q9x). Suppose « is
subordinate to the K-tuple (z1,...,2x) € XX, while 3 is subordinate to the K-

K
tuple (y1,...,yx). Then Proposition 3 says that limoovl(ﬂn) = > qrui(yg) and
n— k=1

K
liIIéOVQ(B") = 2 qru2(yk)-
n— k=1
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Thus, since V1 (a™) > V1(8") + €1 and also Va(a™) > Va(8™) + e for all sufficiently
large n € N, we conclude that

K

K
Mlarui(zr) = ) qeur(y) +er and ] gpug(zy) Z Q. u2(yx) + €2. (E5)
k=1 k=1 k=1

Now, by a suitable choice of almost-objective acts « and 3, we can achieve versions
of (E5) for any €1, €3 > 0 and K € N, any probability vector q € AX and any K -tuples of
outcomes (x1,...,zx) and (y1,...,yx ). We conclude that for all K e N, allq e AX and
all (z1,...,zx)and (y1,...,yx) in XK,

K K K K
(Z w1 (zg) > Z a1 (Yk) ) = (Z qr u2(zg) > Z qr u2(Yk) ) (E6)
k=1 k=1 k=1 k=1

By standard uniqueness theorems for SEU representations, it follows from (E6) that
uy is a positive affine transformation of us —in other words, there exist a > 0 and b€ R
such that u; = aug + b. This proves (a).

To prove (b), suppose that > satisfies Certainty equivalence. Let V := Va(A) c R. 1}
and V5 both represent >, so there is an increasing function ¢ : V—R such that V; =
¢ o Vao. We must show that ¢(x) =av+bforallve V.

For any v € V, there is some « € A such that v = V5(«). By Certainty equivalence, there
is some constant act x such that « ~ «. Thus, Va (k) = Va(«). If k has the constant value
z, then the inequalities (E4) force Va (k) = u2(x). Thus, uz(z) = v.

By a similar argument Vi (a) = uj(x) = aua(x) + b = av + b. But we also have ¢ o
Va(a) = Vi(a). Thus, we get: ¢(v) = av + b, as desired. This argument works for any
ve V. We conclude that V; = a V5 + 0. O

Proof of Proposition E.2. Let P; and P2 be any compact, nonatomic belief sets for the
GH representations V4 and V5. Let R = P; u P»2. Then R is nonatomic and separable,
so Proposition 1 says that R is consilient. Thus, Proposition E.3 says that 93; =35 and
V' =aV + b (because > satisfies Certainty equivalents). O

Since Propositions E.2 and E.3 rely on consilience, they require nonatomic beliefs.

APPENDIX F: PROOFS OF OTHER RESULTS

This appendix contains proofs of additional statements made in the text, regarding the
relationship between utilitarianism and weak utilitarianism, and observations made in
Section 6. These proofs are logically independent from the rest of the paper.

To explain the logical relationship between utilitarianism and weak utilitarianism,
we need two hypotheses: Ex post Pareto and Independent prospects. The social prefer-
ence >, satisfies the Ex post Pareto axiom with respect to {>;},c7 if, for any constant acts
a,Be A,

o If o >; BforallieZ, then o >, 3.
e If, in addition, « >; 5 for some i € Z, then a >, (3.
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Now suppose that each of the preference orders {>;};c s has a GH representation (3)
with an associated utility function u; : Y —IR. We shall say that the collection {u;};ez
satisfies Independent Prospects if, for all j € 7, there exist outcomes z,y € X such that
uj(x) > u;(y) whereas u; (x) = u;(y) for all i e 7\ {;}.

PROPOSITION E1. Suppose {u;};ez satisfy Independent Prospects. Then u, is utilitarian if
and only if it is weakly utilitarian and >, satisfies Ex post Pareto for {>;};cz.

Proof: By definition, if u, is utilitarian, then it is weakly utilitarian. We will just show that
ex post Pareto is satisfied. Let « and 8 be two constant acts such that « >; g for all 4.
Assume that a(s) = x and §(s) = y for all states s € S. We will have V;(a) = u;(z) and
Vi(B) = u;(y), for all i € 7. Thus, with u;(x) > u;(y) forallie Z and u, = b+ Y] c;u; we
have uy(z) > uo(y). Furthermore, if there is i € Z such that w;(x) > u;(y), siilecze c; >0,
we will obviously have u,(x) > u,(y).

Conversly, if u, is weakly utilitarian, then for all i € Z, there is ¢; > 0 such that
uo =b+ > c;u;. LetieZ. To show that ¢; > 0 let x;,y; € X such that u;(x;) > u;(y;)

€L
and u;(x;) = u;(y;) for j # ¢; this exists by the hypothesis of Independent Prospects.
Considering the constant acts «;(s) = x; and 3;(s) = y;, we have V;(«o;) = V;(8;) for

all j € Z and V;(o;) > Vi(B;). By Ex post Pareto, we have V,(«a;) > V,(5;). Thus,
Uo(x5) — uo(y;) = ci(ui(zi) — ui(y;)) > 0. But since (u;(x;) — ui(y;)) > 0, we get ¢; > 0.
O

It is more efficient to prove Theorem 3 before proving Proposition 5.

Proof of Theorem 3. Repurposing the terminology of Gilboa et al. (2004), let us say that an
act is a strong lottery if it is measurable with respect to a strong consensus partition.??
In this case, there is a probability vector p = (p1,...,pps) and a set of outcomes ) =
{y1,...,ym} < & (for some M e N) such that, for all j € 7 and all p € P;, we have p{s e
S; a(s) =ym} =pm forallme[1... M]. We will indicate this by writing “a ~ (p,))”.

For all j € J, suppose P; is the convex hull of some finite collection R; :=
{p]l, ceey pj.vj } of nonatomic probability measures. If a € A is a strong lottery and
a~ (p,Y), then for all j € 7, itis easily checked that

M
N
Vi) = [woadsl = = [woads)’ = X puuslm) ED

m=1

Thus, for any Y = {y1,...,yn} S X, and any probability vectors p = (p1,...,pys) and
a=(q,--.,qn), and any strong lotteries « ~ (p,)) and 8 ~ (q,)),

M
(a >, B for allieI) — ( Z P Ui (Ym) = Z Gm ;i (ym ) for allzeI) (F2)
m=1 m=1

28Gilboa et al. use lottery for an act measurable with respect to a (non-strong) consensus partition.
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Likewise
M M
(OK Zo 5) - < Z Pm Uo(ym) = Z Qmuo(ym) ) . (F3)
m=1 m=1

Let A(Y) be the M -dimensional simplex of all probability measures on ). Forall j € 7,
let u;|y be the restriction of u; to ), and let >, be the vNM expected utility prefer-
ences on A(Y) induced by u;y. For any p € A(Y), Lemma A.1 yields a strong lottery
a ~ (p,Y). (This uses the fact that P; is the convex hull of a finite set R ; of nonatomic
measures, for all j € 7.) Thus, the axiom Restricted Pareto*, combined with statements
(F2) and (F3), implies that >,y satisfies the following Pareto axiom with respect to
{>i\ y}ieI :

VNM Pareto. Forall p,qe A(Y), if p >;y qforallieZ, thenp >,y q.

Thus, a variant of Harsanyi’s Social Aggregation Theorem implies that v,y is a con-
stant plus a non-negative linear combination of {u|y };cz; see Domotor (1979) or Wey-
mark (1993, 1994).%

Now, fix distinct z,y € X, and let 2) be the set of all finite subsets of X’ containing
{z,y}. Forall Y € ), define

Cy = {(C,w17~-~aw1)€R X RY ;5 uply =c+ Zwi“w}-
1€L

By the above argument, Cy, # ¢, and it is clearly a convex, compact subset of R x RZ.
Furthermore, if Y = ), then Cy» = Cy. Since 2 is a directed set under inclusion, it

follows that the set C := [ Cy is not empty. Now let (¢, w1,...,wy) € C. Then u, =
Ye2)
¢+ > w;u;, as claimed. O
€L

Remark. Theorem 3 requires the GH representations of all agents to be “polytopic”
because Lemma A.1 only applies to finite-dimensional vector-valued measures, since
it is relies on a version of Lyapunov’s Convexity Theorem for RV -valued measures.
There are versions of Lyapunov’s theorem for V-valued measures where V is an infinite-
dimensional locally convex vector space (Khan and Sagara, 2013, 2015, Greinecker and
Podczeck, 2013, Urbinati, 2019). These yield corresponding versions of the Dubins-
Spanier theorem (by the same proof as our Lemma A.1). This yields versions of Theorem
3 for non-polytopic GH representations. But these results impose strong “largeness”
conditions on the state space S and the measures it supports (in terms of Maharam
type), which exclude standard Borel spaces like [0, 1]™. This limits their applicability to
the state spaces usually encountered in decision theory.

29Harsanyi’s original (1955) result used the weaker axiom of Pareto Indifference, and concluded only that
social utility is an affine combination of individual utilities, with possibly negative coefficients. But Domo-
tor and Weymark show that vNM Pareto (which Weymark calls Semistrong Pareto) implies that these coeffi-
cients must be non-negative.
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Proof of Proposition 5. 'We use the same notation as in the proof of Theorem 3. For
allieZ,and allne[1...N;], let =7 be the preference order on A defined by the SEU
representation with utility function u; and probability measure p}*. Clearly, a partition
of S is a consensus partition for the original individuals {>>;};c7 if and only if it is a
consensus partition for the new “individuals” {;?}?661[1”'%]; thus, an act is a lottery

for the former group of individuals if and only if it is a lottery for the latter group.

Thus, the scope of the Restricted Pareto axiom for the former group is exactly the same

as the scope of this axiom for the latter group.

For all i € 7 and any lottery «, statement (F1) is still true. Thus, the “individuals” {> 11

s >fv ¢} all have the same preferences over lotteries as the individual >;. It follows

that for any lotteries o and 5,

(a%ﬂforallz’eI) — (a;?ﬂforallne[l...Ni] andieI).

Thus, >, satisfies Restricted Pareto with respect to {>;};c7 if and only if >, satisfies
Restricted Pareto with respect to {>; }?E(EI[I"‘Ni]. Thus, the theorem of Gilboa et al. (2004)
says that >, satisfies Restricted Pareto (the “indifference” part) with respectto {>;};ez if
and only if (i) u, is an affine combination of {u;};c7; and (ii) p, is a linear combination
of the elements of | J R;.3°

As explained in tllfg proof of Theorem 3, our “semistrong” Pareto axiom implies that
the coefficients in the affine combination (i) are nonnegative, so that v, is weakly util-

itarian (Domotor, 1979, Weymark, 1993, 1994). O
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